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Constantes de SiegelVeeh et volumes de strates d'espaes
de modules de diérentielles quadratiques
Elise Goujard
2Résumé
Nous étudions les onstantes de SiegelVeeh pour les surfaes plates et leurs liens ave les
volumes de strates d'espaes de modules de diérentielles quadratiques. Les onstantes de Siegel
Veeh donnent l'asymptotique du nombre de géodésiques périodiques dans les surfaes plates. Pour
ertaines surfaes plates, de telles géodésiques orrespondent aux trajetoires périodiques dans
les billards rationnels orrespondants. Les onstantes de SiegelVeeh sont fortement reliées à la
dynamique du ot géodésique dans les espaes de modules orrespondants, par la formule d'Eskin
KontsevihZorih exprimant la somme des exposants de Lyapunov du bré de Hodge le long du
ot de Teihmüller en fontion de la onstante de SiegelVeeh pour la strate onsidérée et d'un
terme ombinatoire expliite. Cette dynamique est liée à la dynamique du ot linéaire dans la
surfae plate de départ par un proédé de renormalisation. En utilisant ertaines propriétés de
ette dynamique nous montrons un ritère qui détermine quand une ourbe omplexe plongée dans
l'espae de module des surfaes de Riemann munie d'un sous-bré en droites du bré de Hodge est
une ourbe de Teihmüller.
Nous étudions ertains rapports de onstantes de SiegelVeeh et en déduisons des informations
géométriques sur les régions périodiques dans les surfaes plates. Les liens entre les onstantes de
SiegelVeeh et les volumes d'espaes de modules ont été étudiés omplètement dans le as abélien
par Eskin, Masur et Zorih, et dans le as quadratique en genre zéro par Athreya, Eskin et Zorih.
Nous généralisons es résultats au as quadratique en genre supérieur, en utilisant la desription
des ongurations de liens selles produite par Masur et Zorih. Nous alulons de façon expliite
ertains volumes de strates de petite dimension.
Abstrat
We study SiegelVeeh onstants for at surfaes and their links with the volumes of some
strata of moduli spaes of quadrati dierentials. SiegelVeeh onstants give the asymptotis of
the number of periodi geodesis in at surfaes. For ertain at surfaes suh geodesis orrespond
to periodi trajetories in related rational billiards. SiegelVeeh onstants are strongly linked to the
dynamis of the geodesi ow in related moduli spaes by the formula of EskinKontsevihZorih,
giving the sum of the Lyapunov exponents for the Hodge bundle along the Teihmüller geodesi ow
in terms of the SiegelVeeh onstant for the orresponding stratum and an expliit ombinatorial
expression. This dynamis is related to the dynamis of the linear ow in the original at surfae
by a renormalization proess. Using some properties of this dynamis we prove a riterion to detet
whether a omplex urve, embedded in the moduli spae of Riemann surfaes and endowed with a
line subbundle of the Hodge bundle, is a Teihmüller urve.
We study ratios of SiegelVeeh onstants and dedue geometri informations about the periodi
regions in at surfaes. The links between SiegelVeeh onstants and volumes of moduli spaes
were ompletely studied by Eskin, Masur and Zorih in the Abelian ase, and by Athreya, Eskin
and Zorih in the quadrati ase in genus zero. We generalize their results to the quadrati ase
in higher genus, using the desription of ongurations of saddle-onnetions performed by Masur
and Zorih. We provide expliit omputations of volumes of some strata of low dimension.
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Résumé en français
1 Présentation du sujet
1.1 Surfaes plates
Par surfaes plates nous désignerons les surfaes de translation et de demi-translations que nous
dénissons maintenant.
Considérons les polygones de la gure suivante. Si nous identions les tés parallèles et égaux
du polygone de gauhe par translation, nous obtenons une surfae fermée qui hérite de la métrique
du plan sauf aux points représentés par les sommets du polygone : ertains de es points sont
identiés et forment un angle 2π : autour de e point la métrique est enore plate, les autres
s'identient pour former un angle 6π : en e point, la métrique a une singularité onique. Par
l'identité de Gauss-Bonnet nous déduisons don que ette surfae est de genre 2.
Si nous onsidérons surfae obtenue en identiant les tés parallèles et égaux su polygone de
droite par translation ou par translation et demi-tour, selon l'orientation suggérée, nous obtenons
une surfae fermée munie d'une métrique plate à singularités oniques ave deux singularités d'angle
5π et deux d'angle π. Par l'identité de Gauss-Bonnet nous déduisons don que ette surfae est de
genre 2.
v1
v2 v3
v4
v5
v3
v1
v4v2
v5
−→
V1
−→
V2
−→
V3
−→
V2
−→
V4
−→
V1
−→
V3
−→
V5
−→
V5
−→
V6−→V7−→
V7−→
V4
−→
V6
Figure 1  Surfaes de translation et de demi-translation
Ce sont des exemples de surfaes de translation et de demi-translation. Pour formaliser es
notions, nous introduisons les dénitions suivantes.
Dénition 1. Nous appellerons surfae de translation une surfae de Riemann S munie d'une
1-forme holomorphe ω appelée diérentielle abélienne.
Cette appellation est justiée par l'équivalene à la dénition suivante :
Dénition 2. Une surfae topologique ompate orientable S de genre g munie d'un sous-ensemble
ni de points Σ = {P1; . . . , Pn} et d'une partition d = (d1, d2, . . . , dn) de 2g − 2 possède une
struture de surfae de translation si il existe un atlas maximal φ de artes allant de S \Σ dans des
ouverts de C ≃ R2 tel que les hangements de artes soient des translations, et tel que pour tout
i dans {1, . . . , n} il existe un voisinage Ui de Pi, un voisinage Vi de 0 dans R2 et un revêtement
ramié p = (Ui, Pi)→ (Vi, 0) de degré di + 1 tel que haque restrition injetive de p est une arte
de φ.
7
8 TABLE DES MATIÈRES
Si (S, ω) est une surfae de translation alors en notant Σ l'ensemble des zéros de ω et (d1, . . . , dn)
leur ordres orrespondants, sa struture de surfae de translation est donnée par les artes loales
φP au voisinage U(P ) de P point régulier de ω, dénies par :
φP : U(P ) → C
Q 7→ ∫ Q
P
ω.
Réiproquement une struture de surfae de translation sur (S,Σ, d) dénit une struture de surfae
de Riemann sur S et une diérentielle abélienne ω par le tiré en arrière de la forme dz sur C par
les artes de φ.
En plus de ette struture, une surfae de translation (S, ω) hérite naturellement
• d'une métrique plate dénie par ω, les zéros de ω de degré d orrespondant à des singularités
d'angle 2(d+ 1)π.
• d'une orientation privilégiée donnée par l'orientation de C,
• d'une forme d'aire donnée par i2ω ∧ ω,
• d'un hamp de veteurs parallèles privilégié (par onvention le hamp de veteurs vertiaux
allant vers le nord)
Dénition 3. Nous appelons surfae de demi-translation une surfae de Riemann S munie d'une
diérentielle quadratique méromorphe q, 'est-à-dire une forme donnée en oordonnées loales par
f(z)(dz)2 où f est une fontion méromorphe à ples au plus simples.
Si q est globalement le arré d'une 1-forme holomorphe on retrouve le as préédent.
Cette appellation est justiée par l'équivalene à la dénition suivante :
Dénition 4. Une surfae topologique ompate orientable S de genre g munie d'un sous-ensemble
ni de points Σ = {P1; . . . , Pn} et d'une partition k = (k1, k2, . . . , kn) ⊂ ({−1} ∪ N∗)n de 4g − 4
possède une struture de surfae de demi-translation si il existe un atlas maximal φ de artes allant
de S\Σ dans des ouverts de C ≃ R2 tel que les hangements de artes soient de la forme z 7→ ±z+c,
et tel que pour tout i dans {1, . . . , n} il existe un voisinage Ui de Pi, un voisinage Vi de 0 dans D/±
et un revêtement ramié p = (Ui, Pi)→ (Vi, 0) de degré ki + 2 tel que haque restrition injetive
de p est une arte de φ.
Si (S, q) est une surfae de demi-translation alors en notant Σ l'ensemble des singularités de q
et (k1, . . . , kn) leur ordres orrespondants, sa struture de surfae de demi-translation est donnée
par les artes loales φP au voisinage U(P ) de P point régulier de ω, dénies par :
φP : U(P ) → C
Q 7→ ∫ Q
P
q1/2
,
où on a hoisi une raine arré de q loalement au voisinage de P .
Réiproquement une struture de surfae de demi-translation sur (S,Σ, d) dénit une struture
de surfae de Riemann sur S et une diérentielle quadratique par le tiré en arrière de la forme dz2
sur C par les artes de φ.
En plus de ette struture, une surfae de demi-translation (S, q) hérite naturellement
• d'une métrique plate à singularités oniques, un zéro d'ordre k orrespondant à une singularité
d'angle (k+ 2)π, et un ple à une singularité d'angle π (par abus de langage, on pourra voir
un ple omme un zéro d'ordre −1),
• d'une forme d'aire induite par q, la ondition sur les ples garantissant que l'aire de la surfae
obtenue est nie,
• de hamps de diretions parallèles privilégié (par onvention le hamp de diretions vertiales).
Ces dénitions équivalent à la desription par reollement de polygones : un polygone orrespond
tout simplement à une arte bien hoisie de es surfaes, les tés sont donnés par intégration de
es formes entre deux singularités (zéros ou ples).
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Dénition 5. On appellera lien selle tout segment géodésique joignant deux singularités (ou la
même), et ne traversant auune autre singularité.
Dans la représentation polygonale les tés du polygone en partiulier représentent des liens
selles.
Lien ave les billards polygonaux
Les surfaes plates interviennent dans l'étude de ertains billards polygonaux. Les billards polygo-
naux à angles rationnels peuvent être déployés e façon à former une surfae de translation, telle
que le ot linéaire dans ette surfae de translation orresponde au ot du billard d'origine. Par
exemple sur la Figure 2 le triangle d'angle π/2, π/8 et 3π/8 se déploie pour former un otagone
régulier représentant une surfae de translation possédant une singularité d'angle 6π.
Figure 2  Dépliage de la trajetoire dans un billard triangulaire
Des billards polygonaux à angles multiples de π/2 peuvent être dupliqués et reollés sur les bords
de façon pour former des surfaes de demi-translation dans lesquelles le ot linéaire orrespond au
ot du billard d'origine. Par exemple sur la Figure 3 on obtient une surfae de demi-translation
possédant 5 singularités d'angle π et une d'angle 3π.
Figure 3  Dépliage de la trajetoire dans un billard à angle droits
Pour de telles billards l'étude du ot linéaire dans la surfae plate orrespondante permet de
déduire toutes les informations sur la trajetoire dans le billards d'origine. Pour une présentation
omplète du sujet onsulter [Zo4℄, [MT℄ et [GJ℄.
1.2 Espaes de modules de surfaes plates
Nous notons Hg l'espae de module des diérentielles abéliennes, déni omme l'ensemble des
surfaes de translation de genre g modulo les lasses d'isotopies de diéomorphismes préservant
l'orientation, ainsi que Qg l'espae de module des diérentielles quadratiques.
En déformant légèrement les tés des polygones préédents, nous obtenons des surfaes plates
ave les mêmes singularités oniques, et de même genre. Ces deux données sont liées par l'identité
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de Gauss-Bonnet. Ainsi, les espaes de modules Hg et Qg sont stratiés par la donnée des ordres
des singularités :
Hg =
⋃
∑
i di=2g−2
di∈N
H(d1, d2, . . . , dn)
où H(d1, d2, . . . , dn) désigne l'ensemble des diérentielles abéliennes à n zéros de degrés d1, . . . , dn
dans l'espae de module Hg. Les strates H(d1, d2, . . . , dn) onstituent des orbifolds analytiques
omplexes de dimension 2g + n− 1.
De la même façon :
Qg =
⋃
∑
i ki=4g−4
ki∈N
Q(k1, k2, . . . , kn)
où Q(k1, k2, . . . , kn) désigne l'ensemble des diérentielles quadratiques à n singularités d'ordre
k1, . . . , kn dans l'espae de module Qg. Les strates Q(k1, k2, . . . , kn) onstituent des orbifolds ana-
lytiques omplexes de dimension 2g + n− 2.
De plus si on note Mg l'espae de module des surfaes de Riemann de genre g, les espaes Hg
et Qg onstituent des brés au-dessus de Mg, et Qg s'identie au bré otangent de Mg.
Les strates de es espaes de modules ne sont pas toutes onnexes : la lassiation des ompo-
santes onnexes a été eetuée dans le as abélien par Kontsevih et Zorih ([KZ℄) et dans le as
quadratique par Lanneau ([La1℄, [La2℄).
Dans l'exemple de la Figure 1, la surfae de gauhe orrespond à un point de la strate H(2, 0)
et la surfae de droite à un point de la strate Q(3, 3,−1,−1).
Coordonnées et mesure sur les strates de diérentielles abéliennes
Déformer légèrement une surfae de translation orrespond intuitivement à déformer un peu les
tés du polygone qui la dénit. Et en eet, les oordonnées loales dans une strateH(d1, d2, . . . , dn)
sont données par les périodes relatives, 'est-à-dire les axes de ertains liens selles et géodésiques
fermées. Plus préisément, soit (S, ω) une surfae de translation dans la strate H(d1, d2, . . . , dn).
On note H1(S,Σ,Z) le groupe d'homologie relative à l'ensemble Σ = {P1, . . . , Pn} des lieux des
zéros de ω. Tout élément de e groupe peut être représenté par un lien selle ou une géodésique
fermée. On note également H1(S,Σ,C) ≃ Hom(H1(S,Σ,Z),C) l'espae de ohomologie dual. Il
existe un voisinage U de (S, ω) tel que pour tout (S′, ω′) dans U , on puisse identier H1(S′,Σ′,C)
à H1(S,Σ,C), en identiant les sous-réseaux H1(S′,Σ′,Z+ iZ) et H1(S,Σ,Z+ iZ), 'est-à-dire en
utilisant la onnexion de GaussManin. Alors les oordonnées loales au voisinage de (S, ω) sont
données par l'appliation période :
Θ : U → H1(S,Σ,C)
(S′, ω′) 7→
(
γ 7→ ∫
γ
ω′
)
.
La mesure de Lebesgue en oordonnées dénit une mesure µ sur haque strate H(d1, . . . , dn).
L'aire d'une surfae de translation (S, ω) est donnée par i2
∫
S
ω∧ω. On noteraH1g etH1(d1, . . . , dn)
les hyperboloïdes des espaes de modules ou des strates formés par les surfaes d'aire 1.
La mesure µ induit une mesure µ1 sur l'hyperboloïdeH1(d1, . . . , dn), appelée mesure de Masur
Veeh, de la façon suivante : pour tout sous-ensemble E de H1(d1, . . . , dn) on dénit le ne C(E)
au-dessous de E dans H(d1, . . . , dn) par
C(E) = {(S′, ω′) ∈ H(d1, . . . , dn), t.q. ∃r ∈ (0, 1], ∃(S, ω) ∈ E, (S′, ω′) = (S, rω)}.
Pour tout sous-ensemble E tels que C(E) soit mesurable, on dénit
µ1(E) = µ(C(E)).
Les strates sont de volume ni par rapport à la mesure µ1 ([Ma1℄, [Ve1℄).
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C(E)
E
H(α)
H1(α)
Coordonnées et mesure sur les strates de diérentielles quadratiques
Pour dénir de même les oordonnées loales pour les strates de diérentielles quadratiques, il
faut se ramener au as abélien en prenant le revêtement double d'orientation de haque surfae de
demi-translation.
Soit (S, q) une surfae de demi-translation telle que q ne soit pas globalement le arré d'une
1-forme holomorphe. Alors elle admet un revêtement double ramié anonique Sˆ
p→ S telle que
la diérentielle quadratique induite sur Sˆ soit globalement le arré d'une diérentielle abélienne,
'est-à-dire que p∗q = ω2 ave (Sˆ, ω) ∈ H(αˆ). On note Σ l'ensemble des points singuliers de ω et
H1−(Sˆ, Σˆ,C) l'espae de ohomologie relative anti-invariant par rapport à l'involution naturelle de
(Sˆ, ω). Dans un voisinage U de (S, q) on peut identier es espaes au-dessus de deux surfaes de
semi-translation distintes à l'aide de la onnexion de GaussManin. Les oordonnées loales sont
alors dénies par l'appliation période suivante :
Θ : U → H1−(Sˆ, Σˆ,C)
(S′, q′) 7→
(
γ 7→ ∫γ ω′) .
La mesure de Lebesgue en oordonnées loales induit également une mesure de MasurVeeh
sur les strates.
De même on peut dénir l'aire d'une surfae de demi-translation en hoisissant une raine arré
de q sur une arte maximale, et on note Q1g et Q1(k1, . . . , kn) les hyperboloïdes formés par les
surfaes d'aire 1/2 (ainsi le revêtement double a pour aire 1).
Comme dans le as abélien la mesure de MasurVeeh sur Q(k1, . . . , kn) induit une mesure nie
sur Q1(k1, . . . , kn).
1.3 Ation de SL(2,R) sur les strates
Dénition
L'ation SL(2,R) sur les surfaes de translation et de demi-translation apparait naturellement
quand on les onsidère omme des polygones traés dans le plan : en eet il sut de faire agir
SL(2,R) sur haque té du polygone.
(
et 0
0 e−t
)
Figure 4  Ation d'un élément de SL(2,R)
Plus rigoureusement l'ation de SL(2,R) surHg est donnée par post-omposition dans les artes
de translation : l'ation d'un élément A ∈ SL(2,R) sur (S, ω) ∈ Hg est donnée par A · (S, ω) =
(S,A · ω) où A · ω est la diérentielle abélienne orrespondant à l'atlas de translation A ◦ φ où φ
est un atlas de translation pour (S, ω).
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L'ation de SL(2,R) sur Qg est dénie de façon similaire. Cette ation préserve l'aire de la
surfae, don se restreint aux hyperboiloïdesH1g etQ1g. Elle préserve aussi les ordres des singularités
don se restreint aux strates normalisées H1(d1, . . . , dn) et Q1(k1, . . . , kn).
L'ation du sous-groupe de SL(2,R) à un paramètre formé par les matries de la forme(
et 0
0 e−t
)
orrespond au ot géodésique par rapport à la métrique de Teihmüller, aussi ap-
pelé ot de Teihmüller (voir [Hu℄ par exemple pour une introdution aux espaes de Teihmüller
et la dénition de ette métrique).
D'après un résultat fondamental de Masur et Veeh le ot de Teihmüller est ergodique par
rapport à la mesure de MasurVeeh sur les omposantes onnexes des strates normalisées ([Ma1℄,
[Ve1℄).
L'étude du ot de Teihmüller dans l'espae de module d'une surfae plate générique S donne
des informations sur le ot linéaire dans la surfae S, par un proédé de renormalisation. De plus
si la surfae provient du déploiement d'un billard polygonal, ela donne des informations sur le
ot dans le billard d'origine. Une exemple très expliite de l'utilisation de e proédé est le modèle
d'Ehrenfest du vent dans les arbres étudié par Deleroix, Hubert et Lelièvre ([DHL℄), où le taux
de diusion pour le billard de départ est donné par un exposant de Lyapunov du bré de Hodge le
long du ot de Teihmüller dans l'espae de module de la surfae plate orrespondante.
Courbes de Teihmüller
On s'intéresse aux orbites de l'ation de SL(2,R) sur Qg (qui s'identie au bré otangent deMg),
et à leur projetion sur Mg. Les orbites d'une surfae de semi-translation (S, q) sont des opies de
SL(2,R)/SO(2,R), qui s'identie au demi-plan H. Pour presque tout (S, q) la projetion de ette
orbite sur Mg est dense.
Notons
SL(S, q) = {g ∈ SL(2,R), t.q. g.q = q}
le stabilisateur de (S, q) sous l'ation de SL(2,R), appelé groupe de Veeh. Alors dans le as
partiulier où SL(S, q) est un réseau dans SL(2,R), l'orbite de (S, q) se projette dans Mg en une
ourbe algébrique appelée ourbe de Teihmüller.
De manière équivalente une ourbe de Teihmüller est une ourbe algébrique omplexe de genre
g ≥ 2, don munie de la métrique hyperbolique donnée par uniformisation, plongée isométrique-
ment dans Mg muni de la métrique de Teihmüller. Autrement dit, les ourbes de Teihmüller
orrespondent aux ourbes omplexes totalement géodésiques de Mg.
Les ourbes de Teihmüller sont les premiers exemples de lieux SL(2,R) invariants dans les
strates d'espaes de modules de surfaes plates, exepté les strates elles-mêmes. L'étude des lieux
SL(2,R)-invariants a fait l'objet de beauoup de reherhes et de réents développements : en
partiulier le résultat fondamental de Eskin, Mirzakhani et Mohammadi ([EMi℄, [EMM℄) stipule
que l'adhérene de la GL+(2,R)-orbite d'une surfae de translation est une sous-variété ane
invariante. Les oeients des équations linéaires dénissant ette variétés peuvent être prises dans
un orps de nombre ([Wr2℄). De plus les sous-variété anes invariantes des strates de diérentielles
abéliennes sont des sous-variétés algébriques, dénies sur Q ([Fi℄), e qui était déjà onnu pour les
ourbes de Teihmüller par les travaux de MMullen et Möller.
1.4 Colletions rigides de liens selles
Diérentielles abéliennes
On s'intéresse maintenant aux familles de liens selles d'une surfae de translation (S, ω) ∈ H(α),
et leur image par une petite déformation. Considérons l'exemple donné par la gure 5. On a
représenté ii une petite déformation de la surfae de gauhe, donnée intuitivement par une petite
déformation des tés du polygone. On remarque alors que les liens selles γ1 (rouge) et γ2 (vert)
restent néessairement parallèles de même longueur. On dira que la olletion formée par es deux
liens selles est rigide. Eskin, Masur et Zorih ont remarqué et étudié e phénomène dans [EMZ℄.
Pour formaliser ette notion nous donnons la dénition suivante :
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γ1
γ2
γ′1
γ′2
Figure 5  Petite déformation d'une surfae de translation
Dénition 6. Soit V une sous-variété SL(2,R)-invariante de H(α), et soit (S, ω) ∈ V . Une olle-
tion {γ1, . . . , γr} de liens selles sur (S, ω) est dite rigide dans V si toute déformation assez petite
de (S, ω) dans V préserve les proportions |γ1| : |γ2| : . . . : |γr|.
Si V = H(α), les oordonnées loales de H(α) étant données par les périodes relatives, on a
naturellement le résultat suivant :
Proposition 1 (Eskin, Masur, Zorih). Une olletion {γ1, . . . , γr} de liens selles sur (S, ω) ∈
H(α) est rigide dans H(α) si et seulement si ils sont deux à deux homologues.
Remarquons que dans l'exemple de la gure 5, les liens selles γ1 et γ2 sont homologues (ils
oupent la surfae en deux omposantes onnexes), et bordent un ylindre formé de géodésiques
fermées parallèles qui leur sont homologues. La partie restante de la surfae est formée d'un tore
peré de deux trous formant une gure en huit, auquel est reollé le ylindre dérit préédemment
(f Figure 6).
Figure 6  Représentation topologique
La donnée de es éléments détermine e qu'on appellera une onguration de liens selles homo-
logues :
Dénition 7. Une onguration de liens selles homologues sur (S, ω) est un des types géométriques
possibles des olletions maximales de liens selles homologues sur (S, ω).
Les ongurations de liens selles homologues ont été étudiées et lassiées par Eskin, Masur et
Zorih dans [EMZ℄.
Diérentielles quadratiques
On peut de même onsidérer les variations de liens selles sur une surfae de demi-translation
(S, q) ∈ Q(β) sous petite déformation dans Q(β). A titre d'exemple, sur la Figure 7, les liens selles
γ1 (vert) , γ2 (rouge) et γ3 (bleu) restent parallèles et de même longueur sous petite déformation
dans la strate.
On a toujours la dénition de olletion rigide de liens selles :
Dénition 8. Soit V une sous-variété SL(2,R)-invariante deQ(β), et soit (S, q) ∈ V . Une olletion
{γ1, . . . , γr} de liens selles sur (S, q) est dite rigide dans V si toute déformation assez petite de (S, q)
dans V préserve les proportions |γ1| : |γ2| : . . . : |γr|.
Si V = Q(β), les oordonnées loales étant données par la partie anti-invariante de l'homologie
dans le revêtement double, on introduit les notations suivantes : si γ est un lien selle (ou une
géodésique fermée simple) de (S, q), on note γ′ et γ′′ ses pré-images dans le revêtement double
(Sˆ, ω). Puis :
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γ1
γ2
γ3
γ′1
γ′2
γ′3
Figure 7  Petite déformation d'une surfae de demi-translation
• si [γ] 6≡ 0, on note [γˆ] = [γ′]− [γ′′] ∈ H−1 (Sˆ, Σˆ,Z),
• sinon, on note [γˆ] = [γ′].
On obtient ainsi des éléments de H−1 (Sˆ, Σˆ,Z), dont le dual omplexe donne des oordonnées loales
sur Q(β) au voisinage de (S, q).
Dénition 9 (Masur, Zorih). Deux liens selles γ1 et γ2 sur (S, q) sont dits homologues si [γˆ1] = [γˆ2]
dans H−1 (Sˆ, Σˆ,Z).
Les olletions rigides de liens selles dans Q(β) sont aratérisées par le résultat suivant :
Proposition 2 (Masur, Zorih). Une olletion {γ1, . . . , γr} de liens selles sur (S, q) ∈ Q(β) est
rigide dans Q(β) si et seulement si ils sont deux à deux homologues.
Dans l'exemple de la Figure 7, la famille {γ1, γ2, γ3} est rigide dans Q(2,−12).
Remarquons de plus que les liens selles γ2 (rouge) et γ3 (bleu) bordent un ylindre formé de
géodésiques fermées parallèles, qui leur sont

homologues. De même le lien selle γ1 (vert) borde un
ylindre formé de géodésiques fermées parallèles qui lui sont

homologues (bien qu'étant homologues
à 0), de longueur 2 fois plus grande que pour le ylindre préédent, et qui est bordé de l'autre té
par la réunion des liens selles γ2 et γ3 (f Figure8).
Figure 8  Représentation topologique
La notion d'être

homologue est subtile : en eet dans l'exemple γ1 et γ2 sont de natures dié-
rentes puisque γ1 relie deux ples distints et γ2 relie un zéro d'ordre 2 à lui-même, et ne sont pas
homologues, elles sont pourtant

homologues. De même on peut avoir une ourbe homologue à zéro
mais pas

homologue à 0.
Comme préédemment, on a :
Dénition 10. Une onguration de liens selles

homologues sur (S, q) est un des types géomé-
triques possibles des olletions maximales de liens selles

homologues sur (S, q).
Les ongurations de liens selles

homologues ont été étudiées et lassiées pour les strates par
Masur et Zorih dans [MZ℄, et pour les omposantes hyperelliptiques de strates par Boissy dans
[Bo℄.
Nous nous intéresserons partiulièrement aux ongurations de liens selles homologues (ou

homologues selon le ontexte), telles qu'il y ait dans la olletion au moins ertains liens selles
bordant un ylindre formé de géodésiques fermées parallèles. Nous parlerons alors de onguration
à ylindres. Les études de [EMZ℄ et [MZ℄ montrent que les ongurations à ylindres orrespondent
aux ongurations de géodésiques fermées simples homologues (ou

homologues suivant le ontexte).
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1.5 Constantes de SiegelVeeh
Les onstantes de SiegelVeeh donnent l'asymptotique du nombre de géodésiques fermées ou de
liens selles dans une surfae plate. Pour les surfaes plates provenant de billards polygonaux par
dépliage ou reollage, le nombre de géodésique fermées donne le nombre de trajetoires périodiques
dans le billard d'origine.
Soit S une surfae plate représentant soit une surfae de translation (S, ω) soit une surfae de
demi-translation (S, q). Nous introduisons les quantités suivantes :
• Nl.s.(S,L) le nombre de liens selles de longueur inférieure à L sur S
• Ng.f.(S,L) le nombre de familles géodésiques fermées simples de longueur inférieure à L sur
S : notons qu'une géodésique fermée simple régulière (ne passant pas par des singularités)
dans une surfae plate fait toujours partie d'un ylindre plat formé de géodésiques fermées qui
lui sont parallèles et qui sont de même longueur. Ng.f.(S,L) ompte le nombre de ylindres
formés par des géodésiques fermées de longueur inférieure à L.
Alors si S est générique ('est-à-dire pour presque toute surfae plate S dans la strate relative-
ment à la mesure de MasurVeeh), d'après les résultats de Eskin et Masur ([EMa℄) la limite
lim
L→∞
N∗(S,L) · aire(S)
πL2
= c∗
est bien dénie et ne dépend pas de la surfae S pour presque toute S dans la strate normalisée.
La onstante c∗ est appelée onstante de SiegelVeeh pour la strate de S. Par exemple pour le
tore plat T = C/(Z+iZ), Ng.f.(T, L) représente le nombre de points primitifs du réseau Z+iZ dans
la boule de entre 0 et de rayon L dans C, on obtient alors par des onsidérations arithmétiques :
cg.f.(T) = cg.f.(H(0)) = 1
2ζ(2)
=
3
π2
.
Historiquement Masur en 1988-1990 a montré ([Ma2℄, [Ma3℄) un enadrement quadratique en
L de N∗(S,L) pour haque surfae S de la strate, puis Veeh en 1998 ([Ve3℄) a montré qu'en
moyennant N∗(S,L) sur la omposante onnexe de la strate normalisée orrespondante on obtenait
une expression quadratique en L, pour tout L, en enn Eskin et Masur en 2001 ([EMa℄) ont montré
l'asymptotique quadratique en L de N(S,L) pour presque toute S dans la strate, et on montré que
la onstante orrespondante de dépendait pas de S.
Tous es résultats sont montrés dans un adre un peu plus général : en eet on peut ompter
les liens selles ou les géodésiques ave poids, à ondition que le poids vérie ertaines onditions,
en partiulier qu'il soit SL(2,R) invariant. Par exemple on peut ompter les géodésiques fermées
ave pour poids l'aire des ylindres orrespondants : on note Narea(S,L) et carea la fontion de
omptage et la onstante de SiegelVeeh orrespondante.
On peut également ompter les liens selles (ou les géodésiques fermées) uniquement quand
elles forment une onguration C (au sens du paragraphe préédent), et alors les onstantes de
SiegelVeeh pour les strates sont la somme sur les ongurations C admissibles pour la strate des
onstantes de SiegelVeeh pour C.
Eskin, Masur et Zorih ont développé dans [EMZ℄ des tehniques pour aluler les onstantes
de SiegelVeeh pour les ongurations dans le as abélien (rappelées dans les hapitres 2 et 3),
qui ont été généralisées dans le as quadratique en genre 0 par Athreya, Eskin et Zorih ([AEZ1℄).
Dans ette thèse nous généralisons le résultat dans el as quadratique en genre supérieur (hapitre
3).
Les onstantes de SiegelVeeh carea pour les strates relativement à l'aire des ylindres sont
partiulièrement importantes ar elles sont reliées très expliitement à la somme des exposants de
Lyapunov du bré de Hodge le long du ot de Teihmüller par la formule lé de EskinKontsevih
Zorih ([EKZ2℄). Les exposants de Lyapunov donnent le spetre de déviation de feuilletages mesurés
sur des surfaes plates (voir [Fo1℄, [Fo2℄, [Zo1℄, [Zo2℄), e qui permet des appliations aux billards
polygonaux, aux transformations d'éhanges d'intervalles, et.
Ces onstantes sont de plus en plus étudiées, de diérents points de vue ([AEZ1℄, [Ba1℄, [Ba2℄,
[BG℄, [EKZ2℄, [Vo℄).
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1.6 Volumes de strates d'espaes de modules de surfaes plates
Les tehniques de [EMZ℄ relient les onstantes de SiegelVeeh pour les ongurations aux volumes
de ertaines strates, ou de ertaines omposantes onnexes de strates.
Les volumes des strates de diérentielles abéliennes ont été alulés par Eskin et Okounkov
([EOk1℄) en utilisant des formes modulaires et la théorie des représentations. Dans le as qua-
dratique, une étude similaire ([EOPa℄) ne permet pas d'obtenir failement des valeurs expliites
pour les volumes. L'artile [AEZ2℄ alule expliitement les volumes des strates de diérentielles
quadratiques à zéros et ples simples en genre 0, en s'appuyant sur une formule de Kontsevih
([Ko1℄).
L'idée ommune à tous es travaux est d'estimer le nombre de points entiers dans la strate
pour en déduire les volumes. Ces points entiers orrespondent à des surfaes plates représentées
par les polygones à petits arreaux. Le hapitre 4 rappelle e lien est expose quelques estimations
de volumes de strates de petite dimension, où un alul à la main est possible.
2 Réapitulatif des résultats présentés
Chaque hapitre de la thèse développe une des thématiques dérites dans les setions suivantes. Ils
prennent la forme d'artiles. Le premier orrespond à un artile [Go1℄ publié dans Mathematial
Researh Letters. Le deuxième orrespond à une prépubliation [BG℄, et enn les deux derniers
hapitres orrespondent à deux parties d'une prépubliation [Go2℄. Nous résumons ii les prini-
paux résultats exposés dans la suite, en donnant pour haque résultat la notation orrespondante
intervenant dans les hapitres en anglais.
2.1 Courbes de Teihmüller
Dans ette partie nous nous intéressons à la question suivante : omment onstruire de nouvelles
ourbes de Teihmüller, et à ette n, omment déteter qu'une ourbe est une ourbe de Teihmül-
ler ?
Rappelons que si (S, ω) est une surfae de translation, alors la projetion de son orbite sous
l'ation de SL(2,R) sur l'espae de modules de surfaes de Riemann Mg est appelée ourbe de
Teihmüller, à ondition que le stabilisateur de la surfae pour ette ation soit un réseau dans
SL(2,R). Les ourbes de Teihmüller sont les premiers exemples de lieux SL(2,R)-invariants dans
Hg. Cei est valable aussi pour les surfaes de demi-translation dans l'espae Qg (f setion1.3).
Plusieurs ritères algébriques sont onnus pour les ourbes de Teihmüller, omme elui dérit
par Bouw et Möller dans [BM℄. Le hapitre 1 ([Go1℄) dérit un ritère, déjà formulé sous une forme
un peu diérente par Martin Möller, en terme de bré maximal Higgs. On en donne une preuve
utilisant des résultats de dynamique.
Le ritère est le suivant.
Pour une surfae de Riemann S, il existe une forme pseudo-hermitienne naturelle sur H1(S,C),
qui est dénie positive sur H1,0(S,C). Cette forme induit une forme sur le bré de Hodge H1 au-
dessus de l'espae de modules Mg des surfaes de Riemann de genre g, où la bre au-dessus d'un
point S est H1(S,C). La onnexion de GaussManin préserve ette forme pseudo-hermitienne.
Soit C une ourbe omplexe dans Mg, de genre g ≥ 1.
Le théorème de semi-simpliité de Deligne implique que le bré de Hodge au-dessus de C se
déompose en somme direte orthogonale de sous-brés plats, tels que la restrition de la forme
pseudo-hermitienne anonique sur haque sous-bré est non dégénérée. Supposons qu'un des sous-
bré L dans la déomposition soit de rang r et tel que la signature de la restrition de la forme
pseudo-hermitienne soit (1, r − 1). Dénissons L1,0 = L ∩H1,0 et L0,1 = L ∩H0,1. Alors L1,0 est
un bré en droites holomorphe au-dessus de C.
Soit L1,0 l'extension de Deligne du bré L1,0 au bord de l'espae de modules, et χ(C) la ara-
téristique d'Euler généralisée de C.
Théorème 1 (Theorem 1). Si χ(C) ≥ 0, alors C n'est pas une ourbe de Teihmüller.
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Supposons χ(C) < 0. Pour tout sous-bré plat L du bré de Hodge sur C satisfaisant les hypo-
thèses préédentes, on a :
degL1,0 ≤ −χ(C)
2
. (1)
Si il y a égalité, alors C est une ourbe de Teihmüller, et le bré en droites L1,0 est le bré
tautologique.
Toute ourbe de Teihmüller orrespondant à une strate de diérentielles abéliennes admet un
sous-bré plat L du bré de Hodge vériant les onditions préédentes, tel que :
degL1,0 = −χ(C)
2
.
Ce résultat peut être reformulé omme suit : si le sous-bré plat L a un exposant de Lyapunov
égal à 1, alors la ourbe est de Teihmüller. La preuve de e théorème utilise une omparaison de
métriques possible grâe à la notion de métrique de Kobayashi, et une estimation de la variation
de la norme de Hodge le long du ot géodésique due à Giovanni Forni.
Dans [BM℄, Bouw et Möller donnent un ritère similaire qu'ils appliquent à une famille de
ourbes hoisie de façon à e que le groupe ane de la ourbe de Teihmüller obtenue soit le
groupe triangulaire (n,∞,∞).
2.2 Géométrie des ongurations à ylindres
Nous nous intéressons dans ette setion aux ongurations à ylindres de liens selles homologues
sur une surfae de translation, ou de façon équivalente aux ongurations de géodésiques fermées
homologues. En eet es ongurations sont ruiales dans le alul des onstantes de SiegelVeeh
pour la strate orrespondante relativement à l'aire des ylindres.
Ave Max Bauer nous avons exploré la géométrie de es ongurations, an d'obtenir des
informations quantitatives relatives aux ylindres des ongurations.
Nous dénissons les fontions de omptage suivantes. Si S est une surfae de translation dans
la strate H(α), C une onguration de liens selles homologues admissible sur S, et L un réel positif,
nous notons
• Nconf (S, C, L) le nombre de ongurations de liens selles de type C sur S, de longueur infé-
rieure à L,
• Ncyl(S, C, L) le nombre de ongurations omme préédemment omptées ave poids le nombre
de ylindres,
• Nareap(S, C, L) le nombre de ongurations omme préédemment omptées ave poids la
somme des aires de haque ylindre à la puissane p,
• Nareap, conf(S, C, L) le nombre de ongurations omme préédemment omptées ave poids
la puissane p-ième de l'aire totale oupée par les ylindres,
• Nconf, A1≥p(S, C, L) le nombre de ongurations de type C sur S, de longueur inférieure à
L, telles que le premier ylindre dans la onguration (il y a une façon déterminée de les
numéroter) oupe au moins un proportion p de l'aire de la surfae totale,
• Nconf, A≥p(S, C, L) le nombre de ongurations de type C sur S, de longueur inférieure à L,
telles que l'aire totale des ylindres oupe au moins une partie p de l'aire totale de la surfae.
À haune de es fontions de omptage nous assoions la onstante de SiegelVeeh orrespon-
dante, dénie par la formule
c∗(C) = lim
L→∞
N∗(S, C, L) · aire(S)
πL2
pour presque surfae S dans la strate H(α). Ces onstantes sont bien dénies par le résultat de
Eskin et Masur ([EMa℄).
Nous onsidérons les rapports suivants :
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• careap(C)
ccyl(C) , qui peut être interprété omme l'aire moyenne d'un ylindre à la puissane p
dans la onguration C,
• careap, conf(C)
cconf(C) , qui peut être interprété omme l'aire moyenne de la partie périodique de la
surfae à la puissane p pour la onguration C,
• carea, A1≥p(C)
cconf (C) , qui peut être interprété omme la proportion de surfaes ayant un large y-
lindre pour la onguration C,
• carea, A1≥p(C)
cconf (C) , qui peut être interprété omme la proportion de surfaes ayant une large
partie périodique pour la onguration C.
Alors nous montrons le résultat suivant :
Théorème 2 (Theorems 2, 3, 4, 5). Soit H(α) une strate de diérentielles abéliennes et C une
onguration de liens selles admissibles pour H(α) ontenant q ylindres. Alors nous avons :
careap(C)
ccyl(C) =
(d− 2)!
(p+ 1) · (p+ 2) · · · (p+ d− 2)
careap, conf (C)
cconf(C) =
q · (q + 1) · · · (q + n− 1)
(p+Q) · (p+Q + 1) · · · (p+ q + n− 1)
carea, A1≥p(C)
cconf(C) = (1− p)
d−2
carea, A≥p(C)
cconf (C) =
B(1 − p;n, q)
B(n, q)
où d est la dimension omplexe de H(α), n = d − q − 1, et B(x; a, b) représente la fontion Beta
inomplète donnée par
B(x; a, b) =
∫ x
0
ua−1(1− u)b−1du
et B(a, b) = B(x; a, b).
Enn nous nous intéressons aux ongurations extrémales, et en partiulier elles qui maxi-
misent l'aire moyenne de la partie périodique, donnée par le rapport
carea(C)
cconf (C) =: cmean area conf (C).
Pour ela nous avons étudié les ongurations ontenant le maximum de ylindres.
Pour les strates prinipales le rapport préédent atteint la valeur maximale
1
4 , alors que pour
les omposantes hyperelliptiques, Hhyp(g−1, g−1) par exemple, il atteint la valeur 12g . Finalement
nous montrons :
Théorème 3 (Theorem 7). Pour K une omposante onnexe de H(α), et pour toute onguration
C admissible pour K, l'aire moyenne asymptotique de la partie périodique pour la onguration C
vérie
cmean area conf (C) ≤ 1
3
et ette bonne supérieure est atteinte pour K = Hodd(2, 2, . . . , 2).
2. RÉCAPITULATIF DES RÉSULTATS PRÉSENTÉS 19
2.3 Constantes de SiegelVeeh pour les diérentielles quadratiques
Nous nous intéressons maintenant à une nouvelle appliation des onstantes de SiegelVeeh. En
eet rappelons qu'elles sont reliées à la dynamique du ot de Teihmüller sur l'espae de modules des
diérentielles abéliennes ou quadratiques, par une formule prouvée par Eskin Kontsevih et Zorih
dans [EKZ2℄, qui exprime la somme des exposants de Lyapunov pour le oyle de Kontsevih
Zorih en fontion de la onstante carea de la strate onsidérée.
Dans [EMZ℄, Eskin Masur et Zorih expriment la onstante de SiegelVeeh pour une ongura-
tion donnée en terme de volumes de strates dans lesquelles vivent les surfaes plus petites obtenues
en déoupant la surfae de départ le long des géodésiques homologues. Ainsi ils ont montré une
formule expliite pour haque onguration dans le as abélien. Athreya Eskin et Zorih ont fait
le même travail dans le as quadratique pour le genre 0 ([AEZ1℄). Ils ont même obtenu ainsi les
valeurs des volumes des strates en genre 0, ar les onstantes de SiegelVeeh carea sont onnues
en genre 0, grâe au théorème d'EskinKontsevihZorih.
Les résultats présentés dans ette partie sont une généralisation des résultats en genre 0 de
[AEZ1℄ et des résultats pour les diérentielles abéliennes de [EMZ℄. De façon analogue à la partie
préédente on peut dénir des onstantes de SiegelVeeh cconf(C), ccyl(C) et carea(C) pour les
ongurations de liens selles

homologues. Ces ongurations sont beauoup plus omplexes que
dans le as abélien, en partiulier, les ylindres bordés par des liens selles

homologues peuvent être
de même largeur ou de largeur en proportion double (voir Figure 7 pour un exemple). Nous parlons
alors de ylindres ns ou épais, les deuxièmes étant deux fois plus larges que les premiers. L'autre
diérene ave le as quadratique est que la strate de bord, 'est-à-dire la strate à laquelle appartient
la partie omplémentaire de la surfae obtenue après suppression des liens selles

homologues et de
leurs ylindres assoiés, peut être vide : dans e as la surfaes est uniquement onstituée de
ylindres bordés par des liens selles

homologues ('est le as dans l'exemple de la Figure 7).
Nous obtenons le résultat suivant :
Théorème 4 (Theorem 8). Soit C une onguration de liens selles homologues admissible pour une
strate Q(α) de diérentielles quadratiques. Notons q1 le nombre de ylindres ns et q2 le nombre
de ylindres épais. Si q = q1 + q2 est au moins égal à 1 et que la strate de bord Q(α′) est non vide,
alors :
c(C) = M
2q+2
(dimCQ(α′)− 1)!
(dimCQ(α) − 2)!
VolQ1(α′)
VolQ1(α) (2)
ccyl(C) =
(
q1 +
1
4
q2
)
c(C) (3)
carea(C) = 1
dimCQ(α) − 1ccyl(C) (4)
où M est une onstante ombinatoire expliite ne dépendant que de la onguration.
Notons qu'il y a des diultés additionnelles dans le as quadratique pour aluler de telles
onstantes : le hoix de normalisation pour le volume, les symétries dans les ongurations, le fait
d'avoir des ylindres de taille diérentes, tout ela joue à haque étape des aluls dans la formule
donnant la onstante ombinatoire M . Il était don néessaire de vérier es aluls, et pour ela
il fallait disposer de valeurs de volumes de strates. C'est l'objet de la partie suivante.
2.4 Volumes de strates de diérentielles quadratiques
La prinipale diulté pour vérier les formules données dans le hapitre préédent est que les
valeurs des volumes des strates d'espaes de modules de diérentielles quadratiques ne sont pas
onnues : Eskin, Okounkov et Pandharipande ([EOPa℄) ont trouvé des séries génératries dont il
est très diile d'extraire des valeurs même approhées pour des strates même en genre petit.
Plusieurs personnes travaillent en e moment à obtenir de telle valeurs.
C'est pourquoi il était intéressant de aluler quelques unes de es valeurs en utilisant la méthode
dérite pour le genre 0 dans [AEZ2℄. Plus préisément nous avons généralisé ette méthode en genre
plus grand. Pour l'expliquer donnons une idée du prinipe de base utilisé pour estimer es volumes.
20 TABLE DES MATIÈRES
De la même façon qu'on peut estimer le volume inlus dans un ontour dessiné sur une feuille
quadrillée, en omptant le nombre des arreaux insrits dans ette gure, pour des arreaux assez
petits, on peut évaluer les volumes de strates d'espaes de modules en omptant les points en-
tiers dans es espaes. Ii les points entiers orrespondent à e qu'on appelle les surfaes à petits
arreaux : e sont des surfaes plates obtenues par reollement de arrés isométriques le long de
tés parallèles. Ce sont naturellement des revêtements du tore. Eskin et Okounkov ont ompté
es revêtements par des méthodes de théorie des représentations. Mais on peut utiliser une ap-
prohe plus pragmatique, qui onsiste à remarquer qu'une surfae à petits arreaux se déompose
en ylindres horizontaux, reollés entre eux d'une ertaine façon. En omptant le nombre de y-
lindres et le nombre de façon de les reoller entre eux partant d'un nombre xé de arreaux, on
peut alors ompter es surfaes à petits arreaux. C'est la méthode dérite dans [AEZ2℄. Le fait
de ompter les façons de reoller des ylindres fait appel à la théorie des graphes en ruban, aussi
appelés artes en ombinatoire. Elles ont été beauoup étudiées mais pour l'instant il n'existe pas
de série génératrie pour leur nombre. Heureusement en petit genre et petite omplexité elles sont
entièrement dérites dans [JV℄, e qui permet de aluler ertains volumes de strates de petites
dimensions. Souhaitons que es valeurs de volumes servent de valeurs tests pour les futurs possibles
algorithmes qui donneront des valeurs numériques approhées des volumes.
D'autre part pour vérier les formules de la partie préédente il est intéressant de travailler sur
les omposantes hyperelliptiques de strates : en eet pour elles-là on peut aluler simplement le
volumes, et omme il n'y a pas beauoup de ongurations (f [Bo℄) on peut appliquer les formules
préédentes et vérier qu'elles sont ohérentes ave les valeurs des onstantes de SiegelVeeh
données pour les omposantes entières dans [EKZ2℄.
Chapter 1
A riterion for being a Teihmüller
urve
This hapter was published in
Mathematial Researh Letters
Volume 19 Number 4 (2012) pp. 847854
under the title: A riterion for being a Teihmüller urve.
1.1 Introdution
Given a urve in the moduli spae of Riemann surfaes, we want to know whether it is a Teihmüller
urve. By Deligne semisimpliity theorem the Hodge bundle over the urve deomposes into a
diret sum of at subbundles admitting variations of omplex polarized Hodge strutures of weight
1. Suppose that the restrition of the anonial pseudo-Hermitian form to one of the bloks of the
deomposition has rank (1, r−1). We establish an upper bound for the degree of the orresponding
holomorphi line bundle in terms of the (orbifold) Euler harateristi of the urve. Our riterion
laims that if the upper bound is attained, the urve is a Teihmüller urve.
For those Teihmüller urves whih orrespond to strata of Abelian dierentials our riterion is
neessary and suient in the sense that if the urve is a Teihmüller urve, then the deomposition
of the Hodge bundle neessarily ontains a nontrivial blok of rank (1, 1) orresponding to the
tautologial line bundle for whih the upper bound is attained.
The original riterion in the same spirit was found by Martin Möller in [Mö06, Th. 2.13 and
5.3℄ where the ondition deteting a Teihmüller urve is formulated in terms of Higgs bundle, or
equivalently in terms of non-vanishing of the seond fundamental form (Kodaira-Spener map). In
[Wr1℄, A. Wright gives an alternative version of Möller's riterion, in terms of non-vanishing of the
period map.
The key idea of our riterion is based on Forni's observation that the tautologial bundle on
a Teihmüller urve is spanned by those vetors of the Hodge bundle whih have the maximal
variation of the Hodge norm along the Teihmüller ow.
We ombine this result of Forni with the BouwMöller version of the Kontsevih formula for the
sum of the Lyapunov exponents of the Hodge bundle along the Teihmüller geodesi ow. Similar
to the riteria mentioned above, the fat that the Teihmüller metri oinides with the Kobayashi
metri will be ruial for the proof.
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1.2 Criterion
Having a Riemann surfae X , the natural pseudo-Hermitian intersetion form on H1(X,C), is
dened on losed 1-forms representing ohomology lasses as:
(ω1, ω2) =
i
2
∫
X
ω1 ∧ ω2 .
Restrited to H1,0(X,C), the form is positive-denite, and restrited to H0,1(X,C), the form is
negative-denite.
This pseudo-Hermitian form of signature (g, g) indues a form on the Hodge bundle H1 over the
the moduli spaeMg of Riemann surfaes of genus g, where the ber H1X of the Hodge bundle over
a point X in Mg is H1(X,C). The pseudo-Hermitian form is ovariantly onstant with respet to
the GaussManin at onnexion on the Hodge bundle.
Let C be a omplex urve in Mg. We want to detet, whether C is a Teihmüller urve or not.
Throughout this paper we assume that the genus g is stritly greater than 1 sine in genus one the
problem beomes trivial: the moduli spae M1,1 is a omplex urve itself.
By Deligne semisimpliity theorem [De, Prop. 1.13.℄, the Hodge bundle over C splits into a diret
sum of orthogonal at subbundles, suh that the restrition of the anonial pseudo-Hermitian form
to eah subbundle is nondegenerate. Assume that this splitting ontains a at subbundle L of rank
r, where r ≥ 2, suh that the signature of the anonial pseudo-Hermitian form restrited to L is
(1, r − 1). Let us dene L1,0 = L ∩ H1,0 and L0,1 = L ∩ H0,1. Deligne semisimpliity theorem
ombined with our assumption on the signature implies that L1,0 is a holomorphi line bundle over
C.
Note that for Teihmüller urves orresponding to the strata of Abelian dierentials the splitting
is always nontrivial, sine it ontains a at subbundle of rank 2 suh that the restrition of the
pseudo-Hermitian form to this subbundle has signature (1, 1). The orresponding line bundle L1,0
is the tautologial line bundle over the Teihmüller urve.
The urve C may have a nite number of usps and onial points, so we need to onsider the
Deligne extension of the holomorphi line bundle L1,0, denoted by L1,0: it beomes an orbifold
vetor bundle at the usps and onial points. So it has an orbifold degree, whih in general is not
an integer, but a rational number.
Let χ(C) be the generalized Euler harateristi of C: it is given by the formula
χ(C) = 2− 2g − nC +
∑
i
(ki − 1),
where nC is the number of usps on C, and 2πki is the one angle of the i-th onial point.
Theorem 1. If χ(C) ≥ 0, then C is not a Teihmüller urve.
Suppose that χ(C) < 0. For any at subbundle L of the Hodge bundle over C satisfying the
above assumptions, one has
degL1,0 ≤ −χ(C)
2
. (1.1)
If the equality is attained, then C is a Teihmüller urve, and the line bundle L1,0 is the tauto-
logial bundle.
Any Teihmüller urve orresponding to a stratum of Abelian dierentials admits a at subbun-
dle L of the Hodge bundle satisfying the above onditions, suh that
degL1,0 = −χ(C)
2
.
The rst statement of the theorem results from the fat that any Teihmüller urve has negative
urvature, or equivalently, an orbifold genus stritly greater than 1. So from now on, we assume
that χ(C) < 0, that is, C is hyperboli.
Remark 1. We have to admit that our riterion does not diretly detet Teihmüller urves or-
responding to the strata of quadrati dierentials. However, the anonial double overing on-
strution assoiates to every suh Teihmüller urve C in Mg a Teihmüller urve C′ in Mg′ in the
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moduli spae of urves of larger genus, suh that the new Teihmüller urve already orresponds
to some stratum of Abelian dierentials, and thus, would be deteted by our riterion. The new
Teihmüller urve C′ is isomorphi to the initial urve C.
Sine any Riemann surfae X ′ in the family C′ admits a holomorphi involution whih hanges
the sign of the orresponding Abelian dierential, the Teihmüller urves orresponding to suh a
double overing onstrution an be identied. Thus, indiretly the riterion detets all Teihmüller
urves.
Remark 2. As Martin Möller pointed out to the author, in the ase r = 2 this theorem an be
refound by algebrai methods. Inequality (1.1) is a spei ase of Arakelov inequality (see e.g.
[De, Lemme 3.2℄), and the bound is attained if and only if L is maximal Higgs (see [Pe00℄ or [VZ℄
for generalization in higher dimension). So Möller's riterion applies here and gives the onlusion
of the theorem.
1.3 Comparison of hyperboli versus Teihmüller metri
Reall that at any point X ∈ Mg the tangent spae TXMg is identied with the spae of essen-
tially bounded Beltrami dierentials, whih is in duality with the spae of integrable quadrati
dierentials on X by the pairing 〈µ, q〉 = ∫
X
qµ. So the otangent bundle T ∗C of C an be viewed
as a suborbifold of Qg, the moduli spae of quadrati dierentials. We will denote the total spae
of the otangent bundle to the urve C by C˜, and points of C˜ by (X, q), where X is a Riemann
surfae and q is a quadrati dierential on X . The pullbak of L to C˜ will also be denoted by L.
In the following, we will identify the otangent bundle C˜ with the tangent bundle by duality, so a
quadrati dierential will be seen as a tangent vetor to C.
We start by omparison of the two natural metris on C: the anonial hyperboli metri given
by Riemann's uniformization theorem, and the indued Teihmüller metri. Both of these metris
are, innitesimally, Finsler metris, so they dene norms on eah tangent spae TXC of C.
Lemma 1. Globally, on C, the hyperboli metri is larger than the indued Teihmüller metri,
that is, the hyperboli distane between any two points is larger than the Teihmüller distane.
Innitesimally, on eah tangent spae TXC, the unit ball for the norm assoiated to the hyperboli
metri is inluded in the unit ball for the norm assoiated to the indued Teihmüller metri.
Proof. The proof is based on the notion of Kobayashi metri (f [Hu℄). The anonial hyperboli
metri on C is by denition the Kobayashi metri on C, and by Royden's theorem, the Teihmüller
metri is the Kobayashi metri on Mg. So the statement of the lemma results from the property
of ontration of the (global or innitesimal) Kobayashi metri for the inlusion C →֒ Mg.
Now we apply this lemma to the otangent bundle C˜, using the identiation C˜ ≃ TC.
Corollary 1. Let γ(t) be a geodesi on C for the hyperboli metri. Let us denote by γ(τ) the same
urve parameterized by the ar length for the Teihmüller metri restrited to C. The orresponding
derivatives will be denoted by γ′ = ∂γ∂t and γ˙ =
∂γ
∂τ . Let v be an element of L at (γ(0), γ
′(0)) =
(X, q/‖q‖
hyp
) ∈ C˜ ⊂ Qg. Then the Lie derivatives of the norm of v along γ satisfy∣∣Lγ′(0) log ‖v‖∣∣ ≤ ∣∣Lγ˙(0) log ‖v‖∣∣ (1.2)
Proof. Note that γ′(0) and γ˙(0) are tangent vetors to the same urve parametrized in two ways,
at the same point, so they are olinear:
γ′(0) = αγ˙(0) .
Sine γ′(0) is unitary for the hyperboli metri, and γ˙(0) unitary for the Teihmüller metri, by
Lemma 1, |α| ≤ 1. The onlusion follows by the hain rule.
Note that Corollary 1 is valid for any hoie of the norm in the Hodge bundle provided the
norm varies smoothly with respet to a variation of a point in the base of the bundle. In the next
setion we pass to a very speial Hodge norm.
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1.4 Variation of the Hodge norm
The natural Hermitian form is positive-denite on H1,0(X,C), so it indues a norm:
‖h‖21,0 =
i
2
∫
X
h ∧ h .
Similarly, the intersetion form is negative-denite on H0,1 so its opposite denes a norm ‖.‖0,1
on H0,1. Note that for every h ∈ L1,0, we have ‖h‖0,1 = ‖h‖1,0. We dene the Hodge norm on
H1(X,C) by ‖v‖ = ‖h‖1,0+‖a‖0,1, where h is the holomorphi part of v and a the anti-holomorphi
part. This is the norm that we will onsider on L = L1,0 ⊕ L0,1, by restrition. From now on we
onsider only the Hodge norm.
The seond lemma gives a uniform bound for the variation of the Hodge norm in the diretion
of the Teihmüller ow (for the denition of the Teihmüller ow, see e.g., [Fo1, Setion 1℄).
Lemma 2 (G. Forni). Let v be a non trivial element of the ber H1(X,C) at (X, q) ∈ C˜. Then the
Lie derivative of the Hodge norm of v along the Teihmüller ow satises the following inequality
:
|L log ‖v‖| ≤ 1 . (1.3)
Moreover, it is an equality if and only if q = ω2 with ω ∈ H1,0(C) and
v ∈ SpanC(ω)⊕ SpanC(ω¯)− {0}
where SpanC(ω) is the tautologial bundle.
The statement is the extension to the omplex ase of a lemma of G. Forni (see [Fo1, Lemma
2.1'℄), reformulated in [FMZ1, Cor. 2.1℄. The original statement holds in H1(R) (with the Hodge
norm), and by the Hodge representation theorem, it also holds in H1,0, endowed with the norm
‖.‖1,0. By onjugation, we obtain the result in H0,1 with the norm ‖.‖0,1. Finally, note that
inequality (1.3) is equivalent to the following:
|L‖v‖| ≤ ‖v‖.
So, applying this majoration to eah omponent (holomorphi and antiholomorphi) of an element
v of H1(C), endowed with the hosen norm ‖.‖, we obtain the following inequalities:
|L‖v‖| = |L‖h‖1,0 + L‖a‖0,1| ≤ |L‖h‖1,0|+ |L‖a‖0,1| ≤ ‖h‖1,0 + ‖a‖0,1 = ‖v‖,
so the result holds in H1(C).
Note that there is another proof of inequality (1.3) in [Mö, Lemma 6.10℄, in terms of urvature
of the metris.
With this two lemmas we an ahieve the proof of the theorem.
1.5 Criterion in terms of Lyapunov exponents
In this setion we give an alternative version of the riterion, in terms of Lyapunov exponents. This
version does not require any assumption on the signature of the pseudo-Hermitian form on the at
bundle L, so it is more general, but it has less interest in pratie, beause Lyapunov exponents
are harder to ompute than orbifold degree.
Proposition 3. Let C be a urve in the moduli spae Mg, with χ(C) < 0, endowed with a at
subbundle L of rank r ≥ 2 of the omplex Hodge bundle, equivariant for the Gauss-Manin on-
netion. Consider the Lyapunov exponents assoiated to the parallel transport of bers of L along
the geodesi ow given by the hyperboli metri on C. The absolute values of all these Lyapunov
exponents are bounded above by 1. If the bound is ahieved, the urve C is a Teihmüller urve.
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Proof. Let us rst explain where these Lyapunov exponents ome from. Reall that C is endowed
with a anonial hyperboli metri, whih gives us a geodesi ow ghypt on T1C, the unit tangent
bundle of C, and by duality, on the unit otangent bundle C˜(1). We look at the parallel transport
of bers of L, endowed with the Gauss-Manin onnetion, along this geodesi ow.
Let ν be the Liouville measure on C˜(1).
Sine L inherits a variation of the Hodge struture from the Hodge bundle, it has quasi-unipotent
monodromy around any usp (see [S, Th. 6.1℄). So there exists a nite unramied over Cˆ of
C, suh that the pullbak of L on Cˆ has unipotent monodromy around any usp of Cˆ. Passing to
this nite over preserves the ergodiity of the geodesi ow that we onsider on Cˆ (beause of the
hyperboli features of the geodesi ow and Hopf's argument, see e.g., Wilkinson's artile [Wi℄),
and does not hange the Lyapunov exponents. Atually, all results we will obtain on C lift to Cˆ,
so up to passing to this over, we will assume in the rest of this paper that the monodromy of L
is unipotent around any usp of C.
So with this assumption and thanks to the majoration given by Corollary 1 and Lemma 2,
the oyle assoiated to the geodesi ow is log-integrable. The Oseledets theorem (see [Os℄)
an be applied to this omplex oyle. We denote by λi the Lyapunov exponents and Eλi the
orresponding subspaes.
By denition every vetor v in Eλi(q) expands with the rate :
λi = lim
t→∞
1
t
log ‖v(γq(t))‖,
where γq is the geodesi for the hyperboli metri starting at point X in the diretion q.
We an write :
λi = lim
T→∞
1
T
∫ T
0
d
dt
log ‖v(γq(t))‖dt . (1.4)
So we have the following majoration :
λi ≤ lim
T→∞
1
T
∫ T
0
max
v∈L
(
d
dt
log ‖v(γq(t))‖
)
dt . (1.5)
By Birkho's theorem, we have :
lim
T→∞
1
T
∫ T
0
max
v∈L
(
d
dt
log ‖v(γq(t))‖
)
dt =
∫
C˜(1)
max
v∈L
(
Lγ′q(0) log ‖v(q)‖
)
dν(q). (1.6)
It results from Corollary 1 and Lemma 2 that
max
v∈L
∣∣∣Lγ′q(0) log ‖v(q)‖∣∣∣ ≤ 1, (1.7)
so ∫
C˜(1)
max
v∈L
(
Lγ′q(0) log ‖v(q)‖
)
dν(q) ≤ 1. (1.8)
Similary, we have:
λi ≥
∫
C˜(1)
min
v∈L
(
Lγ′q(0) log ‖v(q)‖
)
dν(q) ≥ −1. (1.9)
So we obtain that |λi| is bounded by 1. Assume now that the bound is ahieved for some index
i. By symmetry of the spetrum (see [FMZ2, Theorem 4℄), the exponent −λi lies in the spetrum,
so we an assume that λi = 1. It means that inequalities (1.5) and (1.8) are in fat equalities. Sine
the measure ν is normalized, and the modulus of the integrand in (1.8) is 1 at most (f. (1.7)), it
is almost everywhere equal to 1 and hene, by ontinuity, everywhere equal to 1. It means that
inequalities of Corollary 1 and Lemma 2 are equalities.
The rst equality ase in Corollary 1 implies that the two metris (hyperboli and Teihmüller)
oinide on C. Hene C is invariant by the Teihmüller ow, so it is a Teihmüller urve.
Let us denote by v1 the element of L at point (X, q) whih maximizes the quantity L log ‖v‖ ∈
[−1, 1]. Similary, onsidering inequation (1.9) with λi = −1 gives an element v2 whih minimizes
the same quantity. Clearly, v1 and v2 are independant. By Lemma 2, we have q = ω
2
and
SpanC(v1, v2) = SpanC(ω, ω). So we obtain the additional information that L ontains the omplex
tautologial bundle. In partiular, L1,0 orresponds to SpanC(ω).
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1.6 End of the proof
We will nish the proof of the theorem using that, with the additional assumption on the signature,
there is only one non-negative Lyapunov exponent, whih an be written in terms of degree of the
line bundle L1,0. So we will be able to onlude with the previous proposition.
Sine the pseudo-Hermitian form has signature (1, r − 1) on L, there is at most one positive
Lyapunov exponent, denoted by λ1 (see [FMZ2, Theorem 4℄).
As the monodromy is unipotent around usps, the degree of the extended line bundle L1,0 is
the integral on C of the urvature form α (rst Chern lass), f [Pe84, Prop. 3.4℄. Then one has:∫
C
α = degL1,0.
We use now the formula for the sum of the Lyapunov exponents of an invariant subbundle
with respet to a geodesi ow dened by the hyperboli metri on the urve C. This formula
was outlined by M. Kontsevih in [Ko2℄, developed by G. Forni in [Fo1℄. I. Bouw and M. Möller
suggested in [BM℄ an algebro-geometri interpretation of the numerator as the orbifold degree of
the assoiate line bundle. As it was mentioned in [EKZ1, Setion 2.3℄, the result holds for any
abstrat geodesi ow. So here we apply this result for the geodesi ow given by the hyperboli
metri on C:
λ1 = −
2
∫
C α
χ(C) = −
2 degL1,0
χ(C) . (1.10)
This equality together with the previous proposition prove the seond part of the theorem. The
last statement of the theorem underlines the fat that any Teihmüller urve orresponding to a
stratum of Abelian dierentials admits a tautologial bundle, whih Lyapunov exponent is equal
to 1.
This ahieves the proof of the theorem.
Chapter 2
Geometry of periodi regions on at
surfaes and assoiated SiegelVeeh
onstants
This hapter will appear in
Geometriae Dediata
under the title:
Geometry of periodi regions on at surfaes and assoiated SiegelVeeh onstants.
It was written in ollaboration with Max Bauer.
2.1 Introdution
2.1.1 Statement of some known results
Suppose that Mg,m is a losed onneted oriented surfae Mg of genus g with a set of m labelled
marked points Σ = {P1, . . . , Pm}.
By a translation surfae S we mean a at Riemannian metri and a parallel vetor eld on
Mg,m. The metri has one type singularities at all of the points Pi of Σ where the total angle is
of the form 2π(di + 1) for some integer di ≥ 1.
Eah geodesi on a translation surfae moves in a onstant diretion, so geodesis do not have
self intersetions and a regular geodesi that onnets a non-singular point to itself omes bak
with the same angle, so it is a periodi geodesi. A periodi geodesi is always part of a maximal
onneted periodi region: a maximal ylinder of parallel periodi geodesis of the same length.
We refer to suh a maximal ylinder as a periodi ylinder or, for short, a ylinder, and we say that
the ommon length of the periodi geodesis that make up the ylinder is the width of the ylinder.
The number Ncyl(S, C, L) of ylinders of width less than L grows like cπL2: a rst fundamental
result of Masur [Ma2, Ma3℄ states that there exist two positive onstants c1 and c2 suh that
c1πL
2 ≤ Ncyl(S, C, L) ≤ c2πL2. Using this fat, Eskin and Masur [EMa℄ prove the deep theorem
that for almost every surfae in a stratum there is an exat asymptotis Ncyl(S, C, L) ∼ cπL2. The
onstant c is alled a SiegelVeeh onstant. The main tool to study SiegelVeeh onstants is the
method of Veeh [Ve3℄ that also showed the exat asymptotis in a more general setting, but for a
weaker form of onvergene.
The main objet of this paper is the omputation of various SiegelVeeh onstants related
to ounting periodi regions in dierent ways. SiegelVeeh onstants are partiularly interesting
beause they appear in various elds. In arithmeti, they give the asymptotis of the number of
primitive points in ertain latties. In dynamis they are related to the sum of Lyapunov exponents
for the Teihmüller geodesi ow in any invariant suborbifold of a stratum of Abelian dierentials by
the main formula of [EKZ2℄. For a Teihmüller urve, they have an algebro-geometri interpretation
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involving degrees of ertain line bundles given by a formula of Bouw-Möller [BM℄. Furthermore they
are related to slopes of eetive divisors and intersetion theory in the moduli spae of urves: this
aspet is studied by Chen (see [Ch1, Ch2℄ for example) and Chen-Möller (see [CM℄ for example).
By identifying R2 and C, a translation surfae inherits from C a omplex struture on Mg and
a holomorphi one form (Abelian dierential) ω. A zero of ω of order d orresponds to a onial
singularity of angle 2π(d+ 1). There is a one to one orrespondene between translation surfaes
endowed with a distinguished diretion and Abelian dierentials. If we denote by α = (d1, . . . , dm)
the orders of the zeros of ω then we have
∑
di = 2g − 2.
For a given α = (d1, . . . , dm) suh that
∑
di = 2g − 2 and di ≥ 1, for i = 1, . . . ,m, we onsider
the stratum H(α) of the moduli spae of Abelian dierentials on Mg,m that have zeros at the
points of Σ of orders (d1, . . . , dm), or equivalently the moduli spae of translation surfaes S with
singularities at the points of Σ of angles (2π(d1 + 1), . . . , 2π(dm + 1)). The dimension of H(α) is
dimCH(α) = 2g +m − 1. The stratum H(α) may be non onneted [Ve2℄ but ontains at most
three onneted omponents [KZ℄. The stratum H(α) admits a volume element [Ma1, Ve1℄ that
indues a nite SL(2,R)-invariant measure on the hyperspae H1(α) of area one surfaes in H(α).
The volumes of the onneted omponents of the strata of Abelian dierentials were eetively
omputed by A. Eskin and A. Okounkov [EOk1℄.
The boundary of a periodi ylinder ontains singularities. Generially, eah boundary ompo-
nent ontains exatly one singularity so it is a losed saddle onnetion, i.e. a geodesi that joins
a singularity to itself (and ontains no other singularity).
Consider a translation surfae S. For eah positive real number L > 0, denote by Ncyl(S,L)
the number of periodi ylinders in S of width at most L and by Narea(S,L) the total area of these
ylinders. It was shown in [EMa℄ that
Theorem (EskinMasur). Let H(α) be a stratum, where α = (d1, . . . , dm) with di ≥ 1, for i =
1, . . . ,m. For every onneted omponent K of H1(α), there exist onstants ccyl(K) and carea(K)
suh that for almost every translation surfae S in K one has
lim
L→∞
Ncyl(S,L)
πL2
= ccyl(K) lim
L→∞
Narea(S,L)
πL2
= carea(K).
The SiegelVeeh onstants ccyl(K) and carea(K) only depend on K. An earlier version of this
result (in a more general setting) where onvergene is replaed by onvergene in L1 was proved
in [Ve3℄.
The results in [EMa, Ve3℄ assure the existene of quadrati asymptotis (SiegelVeeh onstants)
if one ounts ylinders with weights (under ertain onditions). The existene of all the Siegel
Veeh onstants we onsider in this paper is justied by these results (see setion 2.1.3). The
funtion Narea(S,L) for example ounts ylinders with weight the area of the ylinder.
One an also only ount ylinders with suiently big area: for p ∈ [0, 1), denote byNcyl,A≥p(S,L)
the number of ylinders in S of width at most L and of area at least p. We denote the orresponding
SiegelVeeh onstant by ccyl,A≥p(K). It is shown in [Vo℄ that
Theorem (Vorobets [Vo℄). Let H(α) be a stratum, where α = (d1, . . . , dm) with di ≥ 1, for
i = 1, . . . ,m. Then for any onneted omponent K of H1(α)
(a) cmean area(K) =
carea(K)
ccyl(K)
=
1
2g +m− 2 =
1
dimCH(α)− 1
(b)
ccyl,A≥p(K)
ccyl(K)
= (1− p)2g+m−3 = (1− p)dimCH(α)−2.
The ratio cmean area(K) of part a) of the theorem an be interpreted as the (asymptoti) mean
area of a ylinder on a generi surfae in K in the following sense: for almost any surfae M in K
one has
carea(K)
ccyl(K)
= lim
L→∞
Narea(M,L)
Ncyl(M,L)
.
Part b) of the theorem is an answer to a question of Veeh in [Ve3℄ where the autor asks if there
is a simple formula for
ccyl,A≥p(K)
ccyl,A≥0(K)
(whih is the same as
ccyl,A≥p(K)
ccyl(K)
).
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As a by-produt of our results using the methods from [EMZ℄ we get an alternative proof of the
theorem of Vorobets by evaluating an expliit integral that is a simplied version of the integral
used in [EMZ℄.
The methods from [EMZ℄ allow for the omputation of various other SiegelVeeh onstants
assoiated to ounting ylinders for more spei data that we allude to next.
It might happen that the geodesi ow in a given diretion on M ontains several (maximal)
periodi ylinders in that diretion. Generially, this only happens if the boundary saddle on-
netions of the ylinders are homologous. The boundary saddle onnetions might be part of a
larger family of homologous saddle onnetions, where the extra saddle onnetions do not bound
a ylinder. We refer to suh a family as a onguration of homologous saddle onnetions or simply
as a onguration. A topologial representation of suh ongurations an be obtained by taking
bloks of surfaes as in gures 2.6, 2.7, and 2.8 (the surfaes are drawn as tori, but might have
arbitrary genus), arranging them in a yli order and then identifying the boundary omponents.
Note that the fat that the saddle onnetions are homologous implies that they are all of the
same length. Call this the length of the onguration. It also implies that a onguration persists
under small deformations of the translation struture.
One says that two ongurations of homologous saddle onnetions orrespond to the same
topologial type if the saddle onnetions are based at the same singularities, if the omplementary
regions are of the same topologial type and have the same number and type of singularities, e.t..
In partiular, they always have the same number of omplementary ylinders. The length of the
onguration is the ommon width of the ylinders oming from the onguration.
For eah onneted omponent K of a stratum there are only a nite number of admissible
topologial types of ongurations, i.e. topologial types of ongurations that are realized on at
least one surfae in K. In fat almost all surfaes share the same admissible topologial types.
We will onsider only ongurations of this speial type. Their distinguishing feature is that they
persist under any small deformation. For related ounting problems in the ase of general periodi
omponents (so not ongurations), see [Na, Li℄.
For S in K, denote by Nconf(S, C, L) the number of ongurations of homologous saddle on-
netions on S of type C and whose length is at most L.
Theorem (EskinMasurZorih, [EMZ℄). For a given onneted omponent K of a stratum H1(α)
and an admissible topologial type C of ongurations there exists a SiegelVeeh onstant cconf(K, C)
suh that for almost any surfae S in K one has
lim
L→∞
Nconf(S, C, L)
πL2
= cconf(K, C).
The authors of [EMZ℄ give a method to ompute these SiegelVeeh onstants.
2.1.2 Statement of results
We denote byNcyl(S, C, L) the number of ylinders of length less than L oming from a onguration
of type C. For a real number p ≥ 0 we denote by Nareap(S, C, L) the sum of the p-th power of the
area of eah of these ylinders. We denote the orresponding SiegelVeeh onstants by ccyl(K, C),
resp. careap(K, C). For p = 1 we write carea(K, C). Note that if C omes with q ylinders then
ccyl(K, C) = qcconf(K, C).
It follows from the general result of [EMa℄ that there is a SiegelVeeh onstant careap(K, C)
suh that for almost any surfae S in K one has
lim
L→∞
Nareap(S, C, L)
πL2
= careap(K, C).
The methods from [EMZ℄ an be applied to ompute careap(K, C) in a way similar to the
omputation of cconf(K, C). The expression for careap(K, C) ontains a onstant M that depends
only on ombinatorial data suh as the dimension of the stratum, the order of the singularities and
the possible symmetries. It is given by an expliit formula in  13.3. of [EMZ℄. It also ontains the
prinipal boundary stratum H1(α′) determined byK and C (the stratum of possibly disonneted
surfaes we get by ontrating the losed saddle onnetions of the onguration). The onstant
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n always denotes the omplex dimension of H1(α′). If C omes with q ylinders then we have
n = dimCH(α) − q − 1.
With this notation we show in setion 2.2.2,
Theorem 2. Given a real number p ≥ 0. Let H(α) be a stratum, where α = (d1, . . . , dm) and
di ≥ 1, for i = 1, . . . ,m. Let K be a onneted omponent of H1(α) and C an admissible topologial
type of onguration ontaining q ≥ 1 ylinders. Then
careap(K, C) = M · Vol(H1(α
′))
Vol(K)
· (n− 1)!
(p+ 1) · (p+ 2) · · · (p+ q + n− 1) · q
ccyl(K, C) = M · Vol(H1(α
′))
Vol(K)
· (n− 1)!
(n+ q − 1)! · q
carea(K, C) = M · Vol(H1(α
′))
Vol(H1(α)) ·
(n− 1)!
(n+ q)!
· q
where n = dimCH(α) − q − 1. M denotes the ombinatorial onstant given in  13.3. of [EMZ℄
and H1(α′) denotes the prinipal boundary stratum.
Note that carea(K, C) = carea1(K, C) and ccyl(K, C) = carea0(K, C), so the seond and third
equation of the previous theorem follow from the rst.
Remark. a. Evaluation of careap is motivated by the question of M. Möller related to the study
of quasimodular properties of the related ounting funtion.
b. We reall that the saddle onnetions in a onguration of given type C an be named. Choose
and x one of the saddle onnetions that bounds a ylinder. In the proof of theorem 2 we
show that if we only onsider the area of this ylinder then we get the same formulas for
careap(K, C) and carea(K, C) exept that the fator q is missing.
We get as a orollary:
Corollary 1. Given a real number p ≥ 0 and let H(α) be a stratum of Abelian dierentials on
a surfae Mg,m, where α = (d1, . . . , dm) with di ≥ 1, for i = 1, . . . ,m. Then for any onneted
omponent K of H1(α) and any admissible type C of onguration ontaining at least one ylinder,
cmean areap(K, C) =
careap(K, C)
ccyl(K, C) =
(d− 2)!
(p+ 1) · (p+ 2) · · · (p+ d− 2),
where d = dimCH(α) = 2g +m− 1.
Remark. (a) The quotient of the orollary an be interpreted as the (asymptoti) mean area of a
ylinder oming from a onguration of type C, where the area is ounted with a power p.
(b) For a natural number p ≥ 1 we obtain
cmean areap(K, C) = 1(p+d−2
p
) .
Dene Nareap(S,L) in the same way as we dened Narea(S,L) in setion 2.1.1, exept that
the area of eah ylinders is ounted with a power p. If careap(K) denotes the orresponding
Siegel-Veeh onstant, then we have
ccyl(K) =
∑
C
ccyl(K, C) and careap(K) =
∑
C
careap(K, C),
where the sum is taken over all admissible topologial types of ongurations for K with at least
one ylinder. This implies
Corollary 2. Given a real number p ≥ 0 and let H(α) be a stratum, where α = (d1, . . . , dm) with
di ≥ 1, for i = 1, . . . ,m. Then for any onneted omponent K of H1(α)
cmean areap(K) =
careap(K)
ccyl(K)
=
(d− 2)!
(p+ 1) · (p+ 2) · · · (p+ d− 2),
where d = dimCH(α) = 2g +m− 1.
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For p = 1, orollary 2 beomes part (a) of the theorem of Vorobets as stated in setion 2.1.1.
Corollary 1 gives more detailed information as orollary 2. For example, the mean area cmean areap(K, C)
of a ylinder oming from a onguration of type C does not depend on the number of ylinders.
This means in partiular that the mean area of a ylinder is the same if the ylinder makes up the
whole periodi region of a onguration or if the periodi region is made up of several ylinders.
As a variation of the above, we denote by Nareap,conf(S, C, L) the p-th power of the total area of
the periodi region (union of the ylinders) on S oming from a onguration of topologial type C
whose length is at most L. The orresponding Siegel-Veeh onstant is denoted by careap,conf(K, C).
We show in setion 2.2.3
Theorem 3. Given a real number p ≥ 0 and let H(α) be a stratum, where α = (d1, . . . , dm) and
di ≥ 1, for i = 1, . . . ,m. Let K be a onneted omponent of H1(α) and C an admissible topologial
type of onguration ontaining q ≥ 1 ylinders. Then
(a) careap,conf(K, C) = M · Vol(H1(α
′))
Vol(K)
· (n− 1)!
(q − 1)!
1
(p+ q) · · · (p+ q + n− 1)
(b)
careap,conf(K, C)
cconf(K, C) =
q(q + 1) · · · (q + n− 1)
(p+ q)(p+ q + 1) · · · (p+ q + n− 1) .
M denotes the ombinatorial onstant given in  13.3. of [EMZ℄ and H1(α′) denotes the prinipal
boundary stratum.
Remark. (a) For a natural number p ≥ 1 we obtain
careap,conf(K, C)
cconf(K, C) =
q · (q + 1) · · · (q + p− 1)
(d− 1) · d · · · (d+ p− 2) ,
where d = dimCH(α)− 1.
(b) The quotient in part (b) of the preeeding theorem an be interpreted as the asymp-
toti mean area of the periodi part (taking the p-th power of the area). For p = 1 we get
qcmean area(K, C), whih is onsistent, as cmean area(K, C) is the mean area of a ylinder.
() For q = 1 we have careap,conf (K, C) = careap(K, C).
We next ount ongurations with ylinders of large area. We reall that the saddle onnetions
in a onguration of given type C an be named. Choose and x one of the saddle onnetions that
bound a ylinder and all this the rst ylinder. Given p ∈ [0, 1). Denote by Nconf,A1≥p(S, C, L)
the number of ongurations of type C of length at most L and suh that the area of the rst
ylinder is at least p (of the area one surfae S). We denote by cconf,A1≥p(K, C) the orresponding
SiegelVeeh onstant. Note that we have cconf,A1≥0(K, C) = cconf(K, C). We show in setion 2.2.5
Theorem 4. Given p ∈ [0, 1). Let H(α) be a stratum of Abelian dierentials on a surfae Mg,m,
where α = (d1, . . . , dm) with di ≥ 1, for i = 1, . . . ,m. Then for any onneted omponent K of
H1(α) and any admissible topologial type C of onguration for K ontaining at least one ylinder,
cconf,A1≥p(K, C)
cconf(K, C) = (1− p)
2g+m−3 = (1− p)dimCH(α)−2.
Summing over all ongurations we get as a orollary part (b) of the theorem of Vorobets but
our result ontains more detailed information.
We next ount ongurations with periodi regions of large area. Let C be a topologial type
of onguration that omes with q ≥ 1 ylinders. For p ∈ [0, 1), denote by Nconf,A≥p(S, C, L) the
number of ongurations on S of type C of length at most L and suh that the total area of the
q ylinders is at least p (of the area one surfae S). We denote the orresponding SiegelVeeh
onstant by cconf,A≥p(K, C).
The inomplete Beta funtion B(x; a, b) and the regularized inomplete Beta funtion I(x; a, b)
are dened for x ∈ [0, 1] by
B(x; a, b) =
∫ x
0
ua−1(1− u)b−1du, I(x; a, b) = B(x; a, b)
B(1; a, b)
=
B(x; a, b)
B(a, b)
.
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For more details about the inomplete Beta funtion see setion 2.4: Figure 2.9 represents the
density funtion
d
dx I(x; a, b) for various values for a and b.
With this notation we show in setion 2.2.4:
Theorem 5. Given p ∈ [0, 1), and let H(α) be a stratum, where α = (d1, . . . , dm) with di ≥ 1,
for i = 1, . . . ,m. Suppose that K is a onneted omponent of H1(α) and that C is an admissible
topologial type of ongurations for K ontaining exatly q ylinders.
cconf,A≥p(K, C)
cconf(K, C) = I(1− p;n, q) = (1− p)
n
q−1∑
k=0
(
n− 1 + k
k
)
pk,
where n = dimCH(α)− q − 1 = dimCH(α′).
See gure 2.1 for the graph of I(1− p;n, q) for various values for n and q.
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Figure 2.1: Graphs of the funtion f(p) =
cconf,A>p(K, C)
cconf(K, C)
Remark. a. The fration
cconf,A≥p(K, C)
cconf(K, C) an be interpreted as the mean number of ongura-
tions of type C whose periodi omplementary region is big, that is, the total area of the
ylinders is at least p of the area of the surfae.
b. I(1;n, q) = 1 and
lim
p→1
I(0;n, q)
(1− p)n =
q−1∑
=0
(
n+ l − 1
l
)
=
(
n+ q − 1
n
)
,
so
cconf,A≥p(K, C)
cconf(K, C) ∼ (1− p)
n
(
n+ q − 1
n
)
as p→ 1.
In this form we an ompare the result with the previous one for one ylinder, given in
Theorem 4.
In setion 2.2.6 we onsider the problem of orrelation between the area of two ylinders. Let C
be an admissible onguration for a onneted omponentK that omes with at least two ylinders.
Choose (and x) two ylinders and let p, p1 ∈ [0, 1). We denote byNA2≥p,A1≥p1(S, C, L) the number
of ongurations of width length at least L suh that the area A1 of the rst ylinder is at least
p1 and suh that the area A2 of the seond ylinder is at least p of the remaining surfae, i.e. it is
at least p(1 −A1). We denote by cA2≥p,A1≥p1(K, C) the orresponding SiegelVeeh onstant. To
simplify notation we will write cA1≥p1(K, C) instead of cconf,A1≥p1(K, C). We show in setion 2.2.6,
Theorem 6. For any onneted omponent K of a stratum H1(α), where α = (d1, . . . , dm) with
di ≥ 1, for i = 1, . . . ,m, and any admissible topologial type C of ongurations ontaining at least
two ylinders,
cA2≥p,A1≥p1(K, C)
cA1≥p1(K, C)
= (1− p)dimCH(α)−3.
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The result does not depend on p1.
Morally, we ompute the asymptoti probability that, among ongurations whose rst ylinder
has area p1, we have a seond ylinder with area at least p(1− p1). Comparing Theorems 6 and 4
we see that this is the probability that, among all ongurations, the area of the seond ylinder
is at least p, exept that the parameter spae has one fewer dimension. So, in some sense, exept
for the fat that the area of the rst ylinder gives a restrition on the range for the area of the
seond ylinder, the area of the seond ylinder is independent of the area of the rst ylinder.
In the results presented above we studied individual ongurations. In the remaining part of the
paper we study extremal properties of ongurations among all ongurations in a given stratum
or even among all strata for a xed genus.
In setion 2.3.1 we address the question of nding topologial types of ongurations C (admis-
sible for some onneted omponent K) that maximizes
cmean area conf(K, C) = carea(K, C)
cconf(K, C) .
The onstant cmean area conf(K, C) an be interpreted as the asymptoti mean area of the periodi
part (union of the ylinders) of the omplementary region of a onguration of topologial type C.
Eah stratum has at most three onneted omponents that are lassied by the invariants
hyperelliptiity, and parity of spin struture. (We reall in setion 2.3.2 the lassiation of
onneted omponents from [KZ℄.)
The quantity cmean area conf(K, C) varies onsiderably among strata. For the onneted stratum
H(1, 1, . . . , 1), the maximal value of cmean area conf(K, C) over all the ongurations is 14 . For the
onneted omponent Hhyp(g − 1, g − 1) it is equal to 12g . The following proposition gives an
uniform bound on the ratio cmean area conf(K, C).
Theorem 7. Let K be any onneted omponent of a stratum H(α) and C be any admissible
topologial type of onguration for K, then the asymptoti mean area of the periodi omplementary
regions satises
cmean area conf(K, C) ≤ 1
3
.
The maximum is attained for any genus g ≥ 2: for eah g ≥ 2 there is a topologial type of
onguration Cg that is admissible for the omponent Hodd(2, 2, . . . , 2) (g − 1 zeros of order 2) of
Abelian dierentials on a surfae of genus g suh that the orresponding onstant cmean area conf is
1
3 .
To prove this result we need to determine the maximal number of ylinders that an ome from
any onguration whih is admissible for a xed stratum H(α). We insist on the fat that we
ompute here the number of ylinders in rigid olletions of saddle onnetions, whih is dierent
from the studies of Naveh [Na℄ and Lindsey [Li℄ where they ount the number of parallel ylinders.
In setion 2.3.2 we answer a question of A. Eskin and A. Wright: is it possible to nd in eah
onneted omponent of eah stratum a topologial type of onguration whose omplementary
regions are tori with boundary and ylinders.
The answer depends on the onneted omponent. We show (Proposition 5): for hyperellipti
omponents this is not possible; for the omponents with even spin struture when the genus is even
this is not possible unless we allow one of the omplementary regions to be a genus two surfae; in
all other ases this is possible.
2.1.3 Notation
We introdue here most of the notation we need for the omputation of SiegelVeeh onstants.
For survey material on Abelian dierentials and translation surfaes see [GJ, Zo4, MT℄. For the
exat denition of ongurations and related results see [EMZ℄.
Let Mg,n denote a losed oriented surfae Mg of genus g on whih there are m marked points
Σ = {P1, . . . , Pm}. By (R,ω) we denote a Riemann surfae struture R on Mg together with an
Abelian dierential ω. If ω is not identially zero then Σ is the set of zeros of ω. We usually
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only write ω for (R,ω). If we denote by (d1, . . . , dm) the orders of the zeros of ω then we have∑
di = 2g − 2.
The form ω an be used to dene an atlas of adapted oordinates on R. In these adapted
oordinates the Abelian dierential ω beomes dz in a neighborhood of any point of R \ Σ and is
(di + 1)w
didw = d(wdi+1) in a neighborhood of a point Pi ∈ Σ, where di is the order of the zero
Pi. Transition funtions away from the zeros for these adapted oordinates are translations. We
refer to a surfae together with an atlas whose transition funtions are translations as translation
surfaes.
Using suh an atlas, R \Σ inherits from the omplex plane a at (zero urvature) Riemannian
metri. A zero of order di of the Abelian dierential (that is a regular point of the Riemann surfae
struture) orresponds to a onial singularity of the at metri of total angle 2π(di + 1). These
points are also alled saddles.
The horizontal unit vetor eld on C pulls bak by adapted oordinates to a horizontal unit
vetor eld on R \ Σ. Away from the singularities, the leaves of the orresponding foliation are
geodesis with respet to the at metri. In fat, for eah θ ∈ [0, 2π[ we have a unit vetor eld and
so a foliation in that diretion that omes from the unit vetor eld in diretion θ of the omplex
plane.
The onverse onstrution is also possible: suppose that S is a translation surfae struture
on Mg,m, i.e. an atlas on Mg,m whose transition funtions are translations. A translation surfae
inherits from R2 a at Riemannian metri and a parallel vetor eld on Mg,m. We assume that
Mg is the metri ompletion of Mg,m. The points of Σ that are not regular points for the metri,
are one type singularities where the total angle is of the form 2π(di + 1) for some di ∈ N.
By identifying R2 and C, a translation surfae inherits from C a omplex (Riemann surfae)
struture on Mg and a holomorphi one form (abelian dierential) ω. The zeros of ω are ontained
in Σ.
Eah translation surfaes an be represented by a polygon in the plane whose edges ome in
pairs of parallel sides of the same length. Identifying eah pair by a translation one obtains a
translation surfae. The verties give rise to singularities (or regular points if the total angle is
2π.)
We identify two translation surfae strutures if there is a bijetion of the underlying topolog-
ial surfae that is in loal oordinates a translation. We identify two Abelian dierentials (for
some omplex strutures) if they are biholomorphially equivalent. There is then a one to one or-
respondane between Abelian dierentials and translation surfaes. We denote by H the moduli
spae of Abelian dierentials ω or equivalently of translation surfaes S. The moduli spae H is
an algebrai variety.
Given α = (d1, . . . , dm) suh that 2g − 2 =
∑
i di. The set H(α) of Abelian dierentials that
share the same zero struture α is alled a stratum. The stratum H(α) is an algebrai subvariety
that admits a natural ane struture and a natural Lebesgue volume element indued by this
ane struture [Ma1, Ve1℄. The dimension of H(α) is dimCH(α) = 2g +m− 1.
The area of the translation surfae S dened by the Abelian dierential ω = φ(z)dz is
∫
S
|φ(z)|2dxdy.
We denote by H1(α) the hyperspae of H(α) of area one surfaes. Masur [Ma1℄ and Veeh [Ve1℄
showed that H1(α) with the measure indued by the measure on H(α) is of nite volume.
There is a natural SL(2,R) ation on H(α). An element g ∈ SL(2,R) ats on loal oordinates
by postomposition of g. The measure on H(α) and H1(α) is SL(2,R) invariant. If we represent a
translation surfaes by a polygon in R2, then the ation of g is the usual ation on R2.
Geodesi segments in the at metri have onstant angle with respet to the at metri, so a
geodesi segment γ an be represented by a holonomy vetor hol(γ) in R2. The angle and length
of the vetor is given by the diretion and length of the geodesi segment. We will often use γ both
for the geodesi segment and for the holonomy vetor.
As we said above, a losed geodesi is always ontained in a maximal ylinder of losed geodesis
and eah boundary omponent of the ylinder is generially a losed saddle onnetion. As all of
the geodesis in the ylinder are represented by the same vetor we say that this vetor represents
the ylinder. Its length is the width of the ylinder.
Suppose that on a translation surfae we nd in some diretion a onguration of homologous
saddle onnetions, meaning a maximal family of homologous saddle onnetions. All of the saddle
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onnetions are parallel and of the same length, so they share the same holonomy vetor. Its length
is the length of the onguration.
A onguration denes the following data: the named singularities the saddle onnetions are
based at; the topologial type of the omplementary regions; the knowledge of whih saddle onne-
tion bounds whih omplementary region, so in partiular the yli order of the omplementary
regions; the order of the singularities (if there are any) in the interior of eah omplementary re-
gion; the singularity struture on the boundary (the type of boundary and angles at the boundary
singularities to be desribed below).
We say that two ongurations are of the same topologial type if they dene the same data.
Almost all surfaes in a given onneted omponent K share the same topologial types of on-
gurations that an be realized on the surfae. We talk about an admissible topologial type for
K.
Denote by V (S, C) the (disrete) set of holonomy vetors assoiated to ongurations on S of
type C. We are allowed to assoiate weights to the holonomy vetors. Denote by B(L) ⊂ R2
the disk of radius L entered at the origin and by N(S, C, L) the ardinality of V (S, C) ∩ B(L),
where the elements of V (S, C) ∩ B(L) are ounted with their weights. So if we write an element
of V (S, C) as (v, w(v)) where w(v) is the weight of the holonomy vetor v, then N(S, C, L) =∑
v∈V (S,C)∩B(L)w(v).
By using appropriate weights on the holonomy vetors the ounting funtion N(S, C, L) beomes
the ounting funtions Nconf(S, C, L), Ncyl(S, C, L), Narea(S, C, L) e.t.. introdued in setion 2.1.2.
If for example we ount holonomy vetors assoiated to a onguration with weight one (resp.
the number of ylinders, total area of the ylinders) then N(S, C, L) equals Nconf(S, C, L) (resp.
Ncyl(S, C, L), Narea(S, C, L)).
Given a onneted omponent K of some stratum H1(α) and an admissible topologial type C
forK. It follows from [EMa℄ that the set of (weighted) holonomy vetors V (S, C) and the assoiated
ounting funtions N(S, C, L) we onsider in this paper verify the following onditions :
(A) for every g ∈ SL(2,R), V (gS, C) = gV (S, C).
(B) for every S ∈ K there exists a onstant c(S) > 0 suh that N(S,L, C) ≤ c(S)L2. The
onstant c(S) an be hosen uniformly on ompat sets of K.
(C) there exist onstants L > 0 and ε > 0 suh that N(S,L, C) is L1+ε(K,µ) as a funtion of S.
In fat, the authors of [EMa℄ show that the above onditions are veried for the set V (S) of
holonomy vetors of losed saddle onnetions on S where the weight assoiated to a holonomy
vetor is the number of saddle onnetions on S that share this vetor. The weights we use in this
paper are invariant under SL(2,R), so the sets V (S, C) we use verify ondition (A). The number
of ongurations is bounded by the number of saddle onnetions, and as we use bounded weights,
the ounting funtions N(S, C, L) we onsider also satisfy onditions (B) and (C).
For f ∈ C∞0 (R2) one denes the funtion fˆ : K → R by
fˆ(S) =
∑
v∈V (S,C)
w(v)f(v).
The fat that the sets V (S, C) and assoiated ounting funtions N(S, C, L) we onsider in this
paper satisfy the onditions (A), (B), (C), implies, using [EMa℄, that:
Theorem ([EMa, Ve3℄). Let K be a onneted omponent of some stratum H1(α) of Abelian
dierentials and C an admissible topologial type of saddle onnetions for K. Then for any of the
sets V = V (S, C, L) and assoiated ounting funtions NV (S, C, L) we onsider in this paper there
is a onstant cV (K, C) suh that the following holds :
(a) For almost any translation surfae S in K,
lim
L→∞
NV (S, C, L)
πL2
= cV (K, C).
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(b) For any f ∈ C∞0 (R2),
1
vol(K)
∫
K
fˆ(S)dvol(S) = cV (K, C)
∫
R2
f(x, y)dxdy.
If the onvergene in (a) is replaed by onvergene in L1 then this theorem follows from a
more general theorem under similar hypotheses in [Ve3℄. In that paper, (b) is proved for integrable
funtions f of ompat support. We will only use (b) for the harateristi funtion on a disk.
The paper [EMZ℄ explains how this last theorem an be used to ompute the SiegelVeeh
onstant cconf(K, C). The same method an be used to ompute the other SiegelVeeh onstants
we onsider in this paper.
The strategy used in [EMZ℄ is as follows: if we apply (b) for the harateristi funtion fε of
the dis B(ε) of radius ε entered at the origin then the integral of the right hand side beomes
πε2 and we have
fˆε(S) =
∑
v∈V (S,C)∩B(L)
w(v) = N(S, C, ε).
So
cV (K, C) = 1
vol(K)
1
πε2
∫
K
NV (S, C, ε)d vol(S).
Denote byK(ε, C) the subset of translation surfaes inK that ontain at least one onguration
of type C of length smaller than ε. So NV (S, C, ε) is zero outside K(ε, C). Denote by Kthick(ε, C)
the subset of K(ε, C) of translation surfaes that ontain exatly one onguration of type C of
length smaller than ε but ontain no other losed saddle onnetion of length smaller than ε. Using
a result from [EMa℄ the autors of [EMZ℄ show that
vol(K(ε, C)) = vol(Kthick(ε, C)) + o(ε2).
So
cV (K, C) = 1
vol(K)
1
πε2
∫
K(ε,C)
NV (S, C, ε)d vol(S)
= lim
ε→0
1
vol(K)
1
πε2
∫
Kthick(ε,C)
NV (S, C, ε)d vol(S). (2.1)
Consider a translation surfae S in Kthick(ε, C). On S we have a onguration of losed saddle
onnetions of topologial type C of length smaller than ε and no other short losed saddle on-
netion. Cutting along the losed saddle onnetions we deompose S into several piees. There
will be some, say p ≥ 1, surfaes S1, . . . , Sp with boundary and some, say q ≥ 0, periodi ylinders
C1, . . . , Cq, all having the same width. The piees are arranged in a yli order. The boundary of
eah Si is made up of two losed saddle onnetions.
For eah onneted omponent Si, by taking out the boundary and then taking the ompati-
ation we get a surfae with either one boundary omponent, a gure eight, as in the right part
of gure 2.2, or we get a surfae with two boundary omponents, a pair of holes, as in the right
part of gure 2.3.
In the rst ase, the gure eight boundary desribes two interior setors of the surfae of angles
2π(a′ + 1) and 2π(a′′ + 1), for some integers a′, a′′ ≥ 0. (Figure 2.2 illustrates the ase a′ = 1
and a′′ = 0.) By shrinking the gure eight boundary to a point we produe a singularity of order
a′ + a′′ if a′ + a′′ ≥ 1, or a regular point if a′ + a′′ = 0. (See the left part of gure 2.2.)
In the seond ase, eah of the boundary omponents omes with a boundary singularity of
angles π(2b′ + 3) and π(2b′′ +3) for some integers b′, b′′ ≥ 0. (Figure 2.3 illustrates the ase b′ = 1
and b′′ = 0.) By shrinking the two boundary omponents we produe singularities (or regular
points) of orders b′ and b′′. (See the left part of gure 2.3.)
The type of boundary, gure eight or pair of holes, and the assoiated angles is what we referred
to above as singularity struture on the boundary.
We get in this way losed surfaes S′i that belong to some stratum H(α′i), for i = 1, . . . , p.
We write α′ = ⊔pi=1α′i and H(α′) = Πpi=1H(α′i). We will say that the surfae S′ whose onneted
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2pi(a′ + a′′ + 1)
2pi(a′ + 1)
2pi(a′′ + 1)
Figure 2.2: Figure eight onstrution
2pi(b′′ + 1)2pi(b′ + 1)
pi(2b′′ + 3)pi(2b′ + 3)
Figure 2.3: Creating a pair of holes
omponents are S′1, . . . , S
′
p belongs to H(α′). We say that S′ belongs to the prinipal boundary
of H(α) determined by C and that H(α′) is the orresponding prinipal boundary stratum. All
this data (topologial type of omplementary regions, yli order, boundary stratum, e.t..) are
the same for any onguration of the same topologial type C. In fat the topologial type is
haraterized by this data.
By shrinking a losed saddle onnetion, the singular point it is based at might beome a regular
point with total angle 2π. In this ase the regular point will be onsidered as a marked point of
order 0. So α′i an ontain one or two 0.
The proedure of shrinking saddle onnetions an be reversed. We summarize the desription
form [EMZ℄ in ase where H(α) has only one onneted omponent K. Start with a (maybe
disonneted) surfae T ′ in H(α′) and all the onneted omponents T ′i . Choose some holonomy
vetor γ in B(ε). There are two types of surgery. A gure eight surgery where we start with a
singularity or a marked point of order a ≥ 0, hoose a′, a′′ ≥ 0 suh that a = a′ + a′′ and then
metrially reate a gure eight boundary that onsists of two saddle onnetions in diretion γ
that are of length |γ| and are based at the same singularity. There will be two setors of angles
2π(a′ + 1) and 2π(a′′ + 1) (see gure 2.2). A pair of holes surgery where we start with two points
that are either a singularity or a marked point of orders b′ ≥ 0 and b′′ ≥ 0 and then reate a
boundary saddle onnetion at eah singularity. The pair of holes boundary has two boundary
singularities of angles π(2b′ + 3) and π(2b′′ + 3) (see gure 2.3).
By performing an appropriate surgery on eah T ′i we obtain surfaes Ti that are homeomorphi
to the surfaes Si and have the same type of singularities in the interior and on the boundary. We
then take q ylinders Cj with a marked point on eah boundary. We nally ombine the surfaes
Ti and the ylinders Cj in the way presribed by the topologial type C to produe a surfae
T in Kthick(ε, C). We do this by identifying pairs of boundary omponents by an isometry that
identies boundary singularities. The boundary omponents give rise to a onguration of losed
saddle onnetions of topologial type C. In fat eah surfae in Kthick(ε, C) an be produed in
this way.
The parameters used to produe surfaes in Kthick(ε, C) are the following:
• a maybe disonneted surfae in H(α′).
• a holonomy vetor γ in B(ε).
• a ombinatorial onstant M that only depends on the onguration. There is a M : 1
orrespondene between the surfaes in Kthick(ε, C) and the surfaes in H1(α′). This is
mainly due to the fats that at a zero of order k there are k + 1 setors of angle 2π where
we an produe a saddle onnetion in the diretion of γ and to possible symmetries of the
surfae in Kthick(ε, C) (see  13.3. of [EMZ℄).
• the heights hi of the q ylinders Ci (the width is given by |γ|).
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• for eah ylinder Ci a twist parameter ti ∈ [0, |γ|) that desribes the relative position of the
marked points on the two boundary omponents.
Remark. If H(α) has more than one onneted omponent than the orrespondene between the
thik part Kthick(ε, C) of a onneted omponent K of H1(α) and the prinipal boundary H(α′)
is slightly more ompliated. For example, to onstrut a surfae T in Kthick(ε, C), where K is a
hyperellipti omponent, we must start with a surfae T ′ in the prinipal boundary suh that all
onneted omponents T ′i of T
′
are hyperellipti surfaes. So only the hyperellipti omponents of
some strata are in the prinipal boundary of K. It might even happen that only part of a onneted
omponent of a stratum is in the prinipal boundary. We still denote the prinipal boundary of
Kthick(ε, C) by H(α′), although H(α′) might be the union of (parts of) onneted omponents of
some strata.
We remark in passing that there are also some parameters used to desribe the surgeries but
this does not aet our omputations.
If q > 1, then to parametrize the q tori we will always replae hq by h = h1 + · · ·+ hq. So the
heights (h1, . . . , hq−1) are in the one ∆q−1(h) given by the onditions hi > 0, for 1 ≤ i ≤ q − 1,
and h1 + · · ·+ hq−1 < h.
For a given ε > 0 we dene
Hε(0q) = {(γ, h, h1, . . . , hq−1, t1, . . . , tq) |
γ ∈ B(ε), (h1, . . . , hq−1) ∈ ∆q−1(h), (t1, . . . , tq) ∈ [0, |γ|]q}.
In what follows, |γ| will always be small, but if no spei restrition on |γ| is needed we will write
H(0q). We write dν(T ) for the measure
dν(T ) = dγ dh
q−1∏
i=1
dhi
q∏
i=1
dti.
We refer to the elements of Hε(0q) as tori as we obtain a torus with q marked points by joining
the q ylinders. We write Hε1(0q) for the subset of Hε(0q) of area 1 tori, meaning that they satisfy
the ondition h|γ| = 1.
We remark in passing that Hε(0q) an be interpreted as the ε -neighborhood of the usp
of the moduli spae of at tori with q marked points exept that the marked points are already
named by the way we parametrize them. This is in ontrast to the usp of the usual moduli spae
Hε(0, . . . , 0︸ ︷︷ ︸
q times
) where the marked points an be arbitrarily named.
We denote by dν(S) (resp. dν(S′)) the measure on H(α) (resp. H(α′)). It is shown in [EMZ℄
that
dν(S) = dν(S′) · dν(T ).
Let S be a translation surfae in H1(α). For r a positive real number we denote by rS ∈ H(α)
the surfae we get by multiplying the at metri on S by r. Equivalently, if we represent S
by an Abelian dierential ω with respet to some omplex struture, then rS orresponds to the
Abelian dierential rω with respet to the same omplex struture. Note that we have in partiular
area(rS) = r2 area(S).
If X is a subset of H1(α) then the one C(X) is dened to be
C(X) = {rS | 0 < r < 1, S ∈ X} ⊂ H(α).
If we denote by d vol(S) the measure on H1(α) indued by the measure dν(S) then we have
dν(S) = rdimRH(α)−1dr d vol(S).
So in partiular one has
vol(H1(α)) = dimRH(α) vol(H(α)).
One has analogous statements for H1(α′) and H1(0q) with its indued measures denoted by
d vol(S′) and d vol(T ).
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Note that there are q + 1 omplex parameters for Hε(0q) and that one has dimRH(α) =
dimRH(α′) + dimRH(0q). So by writing n = dimCH(α′) we have
dimRH(α′) = 2n
dimRH(0q) = 2(q + 1)
dimRH(α) = 2(n+ q + 1)
We reall for ompleteness that if α = (d1, . . . , dm) with di ≥ 1 for i = 1, . . . ,m, then
dimRH(α) = 2(2g +m− 1).
2.2 SiegelVeeh onstants.
2.2.1 General method
We will desribe in this setion the method used to ompute the SiegelVeeh onstants introdued
in setion 2.1.2. Consider a stratum H(α) of Abelian dierentials where α = (d1, . . . , dm) and
di ≥ 1 for i = 1, . . . ,m. Suppose that K is a onneted omponent of H1(α) and that C is an
admissible topologial type of ongurations for K ontaining exatly q ≥ 1 ylinders. We denote
the orresponding prinipal boundary stratum by H(α′). Reall that Kthick(ε, C) is the set of
translation surfaes in K that ontain exatly one onguration of type C of length smaller than ε
but do not ontain another losed saddle onnetion of length smaller than ε. To simplify notation
we will write from now on Kε for Kthick(ε, C).
Suppose that N(S, C, ε) is one of the above mentioned ounting funtions that ounts ongura-
tions on S of length smaller than ε and of topologial type C. We want to evaluate
∫
Kε
N(S, C, ε)dν(S).
The deomposition of a surfae S ∈ H(α) as q tori with marked points on the boundary and a
surfae S′ inH(α′) on whih one performs surgeries (M hoies) gives the following parametrisation
of the one C(Kε): before performing the surgeries, a surfae S in C(Kε) is made up of sS′1 and
tT1 for some salars s, t where S
′
1 ∈ H1(α′) and T1 ∈ H1(0q). The onditions are the following :
(i) the total area s2 + t2 of S satises s2 + t2 ≤ 1;
The area 1 surfae 1√
s2+t2
S is in Kε so the waist urve of t√
s2+t2
T1 is smaller than ε whih means
that the waist urve of T1 is smaller than ε
√
s2+t2
t . So the seond ondition is:
(ii) T1 has to lie in Hε′1 (0q), where ε′ = ε
√
s2+t2
t .
We have∫
C(Kε)
N(S, C, ε)dν(S) =
= M vol(H1(α′))
1∫
0
s2n−1ds
√
1−s2∫
0
t2q+1dt
∫
Hε′1 (0q)
N(S, C, ε)d vol(T ) + o(ε2), (2.2)
where ε′ = ε′(s, t) = ε·
√
s2+t2
t . Note that if we onstrut S ∈ C(Kε) as desribed above then S
ontains exatly one onguration of type C and of width less than ε, so N(S, C, ε) an be replaed
by the weight with whih we ount ongurations.
This integral is a simpliation of the integral from [EMZ℄, page 133. In [EMZ℄ the statement is
about the volume of C(Kε) (in our notaton) as the authors only ount ongurations with weight
one, so N(S, C, ε) = 1 on Kε.
2.2.2 Mean area of a ylinder
Fix an admissible onguration C in a onneted omponent K of a stratum H1(α) that omes
with q ≥ 1 ylinders and let p be a real number p ≥ 0.
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Proof of Theorem 2. We hoose and x one of the named losed saddle onnetion of C that bounds
a ylinder and all this ylinder the rst one. We denote by Nareap1 (S, C, ε) the number of ongu-
rations on S of type C of length at most ε, ounted with weight the p-th power of the area of the
rst ylinder. We denote the orresponding Siegel-Veeh onstant by careap1 (K, C).
As desribed above, we deompose a surfae S in C(Kε) as sS′1 and tT1. We use the usual
parameters γ, h, h1, . . . , hq−1, t1, . . . , tq to parametrize T1 ∈ Hε1(0q). We assume the notation hosen
so that the rst ylinder of S orresponds to the rst ylinder of T1. So the area of the rst ylinder
of S is t2h1w, where w = |γ|. We use the following weight:(
t2h1w
s2 + t2
)p
.
This weight is invariant under saling of S and if the area s2 + t2 of S equals 1 then it redues
to (t2h1w)
p
whih is the p-th power of the area of the rst ylinder of S. A surfae S ∈ C(Kε)
ontains exatly one onguration of type C of width at most ε, so we need to evaluate the integral
of equation (2.2) for
N(S, C, ε) = Nareap1 (S, C, ε) =
(
t2
s2 + t2
)p
(h1w)
p.
The rst step to do this is to show that
Lemma 3. ∫
Hε1(0q)
(h1w)
pd vol(T ) =
2πε2
(p+ 1) · (p+ 2) · · · (p+ q − 1) ,
where for q = 1 the denominator is by onvention equal to 1.
Proof. For q = 1 we have h1w = hw = 1, so the omputation is a simplied version of the
general ase. Assume that q > 1. We will rst integrate over the domain C(Hε1(0q)), still using
the parameters γ, h, h1, . . . , hq−1, t1, . . . , tq for T ∈ C(Hε1(0q)). To have a weight that is invariant
under saling of T and that beomes (h1w)
p
for an area one torus T1, we use the weight(
h1w
hw
)p
=
(
h1
h
)p
.
The domain of integration for T ∈ C(Hε1(0q)) is as follows: The area wh of T satises wh ≤ 1. We
have
1√
wh
T ∈ Hε1(0q), so the length w√wh of the waist urve of
1√
wh
T is smaller than ε, whih gives
h ≥ wε2 . (See gure 2.4.)
h
w = |γ|ε
h = 1
w
h = w
ε
2
Figure 2.4: Domain of integration for C(Hε1(0))
∫
C(Hε1(0q))
(
h1
h
)p
d vol(T ) =
2pi∫
0
dθ
ε∫
0
w dw
1/w∫
w/ε2
dh
∫ h
0
(
h1
h
)p
dh1·
·
∫
∆q−2(h−h1)
dh2 . . . dhq−1
∫
[0,w]q
dt1 . . . dtq. (2.3)
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The volume of the one ∆q−2(h− h1) is (h− h1)
q−2
(q − 2)! and the volume of the ube [0, w]
q
is wq.
Using the hange of variables u = h1/h, the right hand side of equation (2.3) then evaluates to
πε2
(q − 2)!
B(p+ 1, q − 1)
q + 1
=
πε2
q + 1
1
(p+ 1) · · · (p+ q − 1) ,
where B(·, ·) is the Beta funtion dened by (2.10). We get the right hand side using relations (2.11)
and (2.9).
The weight f(S) = (h1/h)
p
satises f(rS) = f(S) and, if S1 ∈ Hε1(0q), f(S1) = (h1w)p, so
∫
C(Hε1(0q))
(
h1
h
)p
d vol(T ) =
=
1∫
0
r2(q+1)−1dr
∫
Hε1(0q)
f(rS1)d vol(S1) =
1
2(q + 1)
∫
Hε1(0q)
(h1w)
pd vol(S1),
whih ompletes the proof of the lemma.
To ontinue the proof of Theorem 2, we evaluate equation (2.2). We use lemma 3 with ε′ =
ε · √s2 + t2
t
and integrate the funtion
(
t2
s2 + t2
)p
that is the remaining part of Nareap1 (S, C, ε).
So equation (2.2) beomes∫
C(Kε)
Nareap1 (S, C, ε)dν(S) =
M ·Vol(H1(α′)) · 2πε2
(p+ 1) · (p+ 2) · · · (p+ q − 1)Jp + o(ε
2),
where
Jp =
∫ 1
0
s2n−1ds
∫ √1−s2
0
t2q+1 ·
(
t2
s2 + t2
)p−1
dt
Using polar oordinates s = r cos θ, t = r sin θ we get
Jp(C) = 1
2(n+ q + 1)
∫ pi
2
0
(cos θ)2n−1(sin θ)2p+2q−1dθ.
Using u = cos2 θ we get
Jp(C) = B(n, q + p)
4(n+ q + 1)
=
1
4(n+ q + 1)
(n− 1)!
(p+ q) · · · (p+ q + n− 1) . (2.4)
Using the fat that for S ∈ C(Kε), Nareap(S, C, ε) =
(
t2
s2+t2
)p
is invariant under saling of S
and redues to the initial denition of Nareap(S1, C, ε) if S1 ∈ Kε, we an show as in the proof of
lemma 3 that ∫
Kε
Nareap1 (S1, C, ε)d vol(S1) = 2(n+ q + 1)
∫
C(Kε)
Nareap1 (S, C, ε)dν(S),
where 2(n+ q + 1) = dimRH(α). And so∫
Kε
Nareap1 (S, C, ε)d vol(S) =
=M · πε2 ·Vol(H1(α′)) · (n− 1)!
(p+ 1) · · · (p+ q + n− 1) + o(ε
2).
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Using equation (2.1) we onlude that
careap1 (K, C) = M ·
Vol(H1(α′))
Vol(K)
· (n− 1)!
(p+ 1) · · · (p+ q + n− 1) .
Note that if we dene Nareapi (S, C, ε) in the same way as Nareap1 (S, C, ε), exept that we use the area
of the i-th ylinder, for i = 1, · · · , q, then we have Nareap(S, C, ε) =
∑
iNareapi (S, C, ε). It follows
that careap(K, C) = qcareap1 (K, C), whih ompletes the proof of Theorem 2.
Remark. (a) We note that the volume of the stratumH1(α′) of disonneted surfaes was omputed
in [EMZ℄, equation (12); writing H(α′) = Πpi=1H(α′i) and ni = dimCH(α′i), we have
Vol(H1(α′)) =
1
2p−1
·
∏p
i=1(ni − 1)!
(n− 1)! ·
p∏
i=1
Vol(H1(α′i)).
(b) As an example we onsider the moduli spae of tori. To have a onguration we need to
mark one regular point. The only possible topologial type C of onguration is a losed saddle
onnetion based at this regular point. We get, using Lemma 3 for p = 0 and q = 1,
cconf(H1(0), C) = lim
ε→0
1
πε2
· Vol(H
ε
1(0))
Vol(H1(0)) =
1
πε2
· 2πε
2
π2/3
=
6
π2
=
1
ζ(2)
We got the well-known fator for the proportion of oprime lattie points in Z⊕ Z.
2.2.3 Mean area of the periodi region
Fix an admissible topologial type of onguration C for a onneted omponent K of a stratum
H1(α) that omes with q ≥ 1 ylinders. Reall that Nareap,conf(S, C, L) denotes the p-th power of
the total area of the periodi region (union of the ylinders) on S oming from a onguration of
topologial type C whose length is at most L.
Proof of theorem 3. The argument is a speial ase of the argument in setion 2.2.2. By deom-
posing as before a surfae S in C(Kε) as sS′1 and tT1 we use the weight
Nareap,conf(S, C, ε) =
(
t2
s2 + t2
)p
.
So by taking p = 0 in lemma 3,
∫
Hε1(0q)
d vol(T ) =
2πε2
(q − 1)! . (2.5)
We then have∫
C(Kε)
Nareap,conf(S, C, ε)dν(S) = M · Vol(H1(α′)) · 2πε
2
(q − 1)!Jp + o(ε
2),
where Jp satises relation (2.4). We onlude as in setion 2.2.2 that∫
Kε
Nareap,conf(S, C, ε)d vol(S) = M · πε
2 · Vol(H1(α′)) · (n− 1)!
(q − 1)! · (p+ q) · · · (p+ q + n− 1) + o(ε
2).
It sues to apply relation (2.1).
2.2. SIEGELVEECH CONSTANTS. 43
2.2.4 Congurations with periodi regions of large area.
Fix an admissible onguration C in a onneted omponent K of a stratum H1(α) that omes
with q ≥ 1 ylinders and let p ∈ [0, 1) be a real parameter. Reall that Nconf,A≥p(S, C, ε) denotes
the number of ongurations on S of type C of length smaller than ε and suh that the total area
of the q ylinders is at least p (of the area one surfae S).
Proof of Theorem 5. We use a modiation of the argument from setion 2.2.2. Here we onsider
the subset of Kε onsisting of surfaes S whose area of the periodi part is at least p (of the
area 1 surfae S). Construt S in the one of this set using sS′1 and tT1 for some salars s, t
and S′1 ∈ H1(α′) and T1 ∈ Hε
′
1 (0
q). We need to evaluate the integral in equation (2.2) with an
additional ondition : when saling S by 1s2+t2 we get a surfae of area one that satises
area
(
t√
s2 + t2
T1
)
=
t2
s2 + t2
> p ⇐⇒ t ≥
√
p
1− p s.
We ount a onguration that satises this additional onstraint with weight 1, so equation (2.2)
beomes
∫
C(Kε)
Nconf,A>p(S, C, ε)dν(S)
= M vol(H1(α′))
1∫
0
s2n−1ds
√
1−s2∫
√
p
1−p s
t2q+1dt
∫
Hε′1 (0q)
d vol(T ) + o(ε2),
where ε′ =
ε · √s2 + t2
t
.
Using relation (2.5), the right hand side beomes
M · 2πε2
(q − 1)! · Vol(H1(α
′)) · Ip + o(ε2)
where
Ip =
∫ √1−p
0
s2n−1
∫ √1−s2
√
p
1−p s
t2q+1
s2 + t2
t2
dtds.
The domain of integration for s and t is desribed in Figure 2.5.
s
t
1
1
0
√
1− p
√
p
Figure 2.5: Domain of integration.
Using polar oordinates s = r cos θ, t = r sin θ and setting α = arccos
√
1− p we get
Ip =
1
2(n+ q + 1)
∫ pi
2
α
(cos θ)2n−1(sin θ)2q−1dθ.
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Using the hange of variables u = cos2 θ we get
Ip =
1
4(n+ q + 1)
∫ 1−p
0
un−1(1− u)q−1du = B(1− p;n, q)
4(n+ q + 1)
,
where B(·; ·, ·) is the inomplete Beta funtion as dened in equation (2.12).
Note that we have cconf(K, C) = cconf,A≥0(K, C), so up to the same onstant, the integral
used to ompute cconf,A≥0(K, C), resp cconf(K, C) is given by Ip, resp I0 (or equivalently J0, see
equation (2.4)), so
cconf,A≥p(K, C)
cconf(K, C) =
Ip
I0
= I(1− p;n, q).
We proved Theorem 5 of setion 2.1.2, where, to expand I(1− p;n, q), we use Lemma 8.
2.2.5 Congurations with a ylinder of large area
Fix an admissible onguration C in a onneted omponent K of a stratum H1(α) that omes
with q ≥ 1 ylinders and let p be a parameter that satises 0 ≤ p < 1.
We hoose and x one of the named losed saddle onnetion of C that bounds a ylinder and
all this ylinder the rst one. Reall that Nconf,A1≥p(S, C, L) is the number of ongurations of
type C of length at most L and suh that the area of the rst ylinder is at least p (of the area one
surfae S).
Proof of theorem 4. Suppose that we have q ≥ 1 ylinders. The argument is as in setion 2.2.4
with the following modiation: We replae area by area of the rst ylinder in the ondition
area( t√
s2+t2
T1) =
t2
s2+t2 > p. Denote by Cuspa(ε
′) the subset of Hε′1 (0q) of tori T1 suh that the
area of the rst ylinder of T1 is at least a = p
s2+t2
t2 . Using the usual parameters (γ, h, hi, tj), a
torus T is in the one of Cuspa(ε
′) if the area one torus 1√
wh
T is in Cuspa(ε
′), so the parameters
for T have the additional onstraint wh1wh > a.
To ompute the volume of Cuspa(ε
′) we proeed as in the proof of lemma 3 for p = 0. The
only dierene is that we replae the ondition 0 ≤ h1 ≤ h by ah ≤ h1 ≤ h. So (h1, . . . , hq−1) is in
a one whose volume is
((1−a)h)q−1
(q−1)! . So the volume is as in equation (2.5) exept that we have an
extra fator (1− a)q−1. So we need to integrate
I ′p =
∫ √1−p
0
s2n−1
∫ √1−s2
√
p
1−p s
t2q+1(1− a)q−1 s
2 + t2
t2
dtds. (2.6)
Using polar oordinates s = r cos θ, t = r sin θ followed by the hange of variables w = cos
2 θ
1−p we
get
I ′p =
(1− p)n+q−1
4(n+ q + 1)
B(n, q). (2.7)
Note that cconf(K, C) = cconf,A1≥0(K, C), so cconf,A1≥p(K,C)cconf (K,C) =
I′p
I′0
as laimed. (Reall that dimCH(α) =
n+ q + 1.)
Remark. For q = 1 we have cconf,A1≥p(K, C) = cconf,A≥p(K, C) (see Theorem 5).
2.2.6 Correlation between the area of two ylinders.
Let C be an admissible onguration for a onneted omponent K that omes with at least
two ylinders. Choose (and x) two ylinders and let p, p1 ∈ [0, 1). Reall that we denote by
NA2≥p,A1≥p1(S, C, L) the number of ongurations of length at least L suh that the area A1 of the
rst ylinder is at least p1 and suh that the area A2 of the seond ylinder is at least p(1− A1).
We denote by cA2≥p,A1≥p1(K, C) the orresponding SiegelVeeh onstant. To simplify notation
we will write cA1≥p1(K, C) instead of cconf,A1≥p1(K, C).
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Proof of theorem 6. We proeed as in the proof of Theorem 4 (see setion 2.2.5). Using the same
notation, we have the ondition that the area A˜1 of the rst ylinder of
t√
s2+t2
T1 is at least p1 and
the area A˜2 of the seond ylinder of
t√
s2+t2
T1 is at least p(1− A˜1). This means that the area A1
of the rst ylinder of T1 satises A1 ≥ a1 = p1 s2+t2t2 and the area A2 of the seond ylinder is at
least p(1− A˜1) s2+t2t2 whih gives A2 ≥ p
(
s2+t2
t2 −A1
)
= a− pA1, where a = p s2+t2t2 .
Denote by Cuspa1,a(ε
′) the subset of tori in Hε′1 (0q) that satises these onditions. Using the
usual parameters (γ, h, hi, tj), a torus T is in the one C(Cuspa1,a(ε
′)) if and only if T1 = 1√whT
is in Cuspa1,a(ε
′). So the areas A1 and A2 of the rst and seond ylinders of T1 must satisfy
A1 =
wh1
wh ≥ a1 and A2 = wh2wh ≥ a− pwh1wh . So we get
a1h ≤ h1 ≤ h, (∗) ah− ph1 ≤ h2 ≤ h− h1. (∗∗)
Equation (∗∗) has a solution if and only if ah− ph1 ≤ h− h1 whih an be written as h1 ≤ 1−a1−ph
so we need to modify (∗):
a1h ≤ h1 ≤ 1− a
1− ph. (∗
′)
Equation (∗′) has a solution if and only if a1 ≤ 1−a1−p . This translates into p2 s
2+t2
t2 ≤ 1, where
p2 = p+ p1(1− p), whih in turn beomes
t ≥
√
p2
1− p2 s.
We also have 0 ≤ h1 ≤ h and 0 ≤ h2 ≤ h − h1. But for all possible t, s we have a1 ≥ 0,
ah − ph1 ≥ 0, and 1−a1−p ≤ 1, so h1 an take all values between a1h and 1−a1−ph and h2 an take all
values between ah− ph1 and h− h1.
The omputation of the volume of Cuspa1,a(ε
′) is as in the proof of Lemma 3 for p = 0, exept
that we replae ∫
∆q−1(h)
dh1 . . . dhq−1 =
hq−1
(q − 1)!
by
1−a
1−ph∫
a1h
dh1
h−h1∫
ah−ph1
dh2
∫
∆q−3(h−h1−h2)
dh3 . . .dhq−1
=
[(1− a)− (1− p)a1]q−1
1− p
hq−1
(q − 1)! =
(1 − a2)q−1
1− p
hq−1
(q − 1)! ,
where a2 = p2
s2+t2
t2 .
So the volume is as in equation (2.5) exept that we have an extra fator
(1−a2)q−1
1−p . So we need
to integrate
1
1− p
∫ √1−p2
0
s2n−1
∫ √1−s2
√
p2
1−p2
s
t2q+1(1− a2)q−1 s
2 + t2
t2
dtds.
Note that up to the fator 1/(1− p) this is I ′p2 as dened in (2.6). The integral used to ompute
cX1≥p1(K, C) = cconf,X1≥p1(K, C) is I ′p1 , so we onlude
cA2≥p,A1≥p1(K, C)
cA1≥p1(K, C)
=
I ′p2
1− p ·
1
I ′p1
.
Using equation (2.7) and 1− p2 = (1 − p)(1− p1) we nd
cA2≥p,A1≥p1(K, C)
cA1≥p1(K, C)
=
(1 − p2)n+q−1
(1− p)(1− p1)n+q−1 = (1− p)
n+q−2.
46 CHAPTER 2. GEOMETRY OF CONFIGURATIONS WITH CYLINDERS
2.3 Extremal properties of ongurations
2.3.1 Maximal total mean area of a onguration
Consider an admissible topologial type C of onguration for some onneted omponent K of
some stratum H(α), where α = (d1, . . . , dm) satises di ≥ 1, for i = 1, . . . ,m. We denote by q(C)
the number of ylinders that ome with C. In this setion we prove Theorem 7, so we look for
a topologial type of onguration C (that is admissible for some onneted omponent K) that
maximizes
cmean area conf(K, C) = carea(K, C)
cconf(K, C) =
q(C)
2g +m− 2 ,
where for the last equality we used Corollary 1 and ccyl(K, C) = q(C)cconf(K, C).
For a given stratum H(α), we start by determining the maximal possible number of ylinders
qmax(α) that an ome from an admissible topologial type of onguration for H(α) :
qmax(α) = maxC in H(α)
q(C).
It is shown in [EMZ℄ that topologial types of ongurations an be onstruted by reating
singular points of the following three types:
a. a ylinder, followed by k ≥ 1 surfaes Si of genus gi ≥ 1 with gure eight boundary, followed
by a ylinder. See gure 2.6 for k = 3 and gi = 1, i = 1, 2, 3. We say that the newborn
singularity is of type I.
b. a ylinder, followed by k ≥ 0 surfaes Si of genus gi ≥ 1 with gure eight boundary, followed
by a surfae Sk+1 of genus gk+1 ≥ 1 with a pair of holes boundary. See Figure 2.7 for k = 2
and gi = 1, i = 0, 1, 2. We say that the newborn singularity is of type II. For k = 0 we just
have a ylinder followed by a surfae with a pair of holes boundary. We might also reverse
the order: a pair of holes torus followed by k ≥ 0 gure eight tori followed by a ylinder.
. a singularity of type III, whih is obtained from a singularity of type II by replaing the
ylinder by a surfae with a pair of holes boundary. As for surfaes of type II there might
be no surfae with a gure eight boundary. See Figure 2.8 where all of the surfaes are of
genus 1 and where we have two surfaes with gure eight boundary.
Figure 2.6: Blok of surfaes reating a zero of type I
Figure 2.7: Blok of surfaes reating a zero of type II
Counting angles, it is shown in [EMZ℄ that the order of the newborn zeros is as follows:
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Figure 2.8: Blok of surfaes reating a zero of type III
a. To reate a zero of type I one uses k ≥ 1 gure eight boundaries that were reated at zeros
of orders a1 ≥ 0,. . . ,ak ≥ 0 (a zero of order 0 being a regular point). The zero then has order∑k
i=1(ai + 2). All orders bigger or equal to 2 are possible.
b. To reate a zero of type II one uses a gure eight boundary that was reated at a zero of
order b′ ≥ 0. If there is no gure eight boundary involved then the newborn zero has order
b′+1. If there are k ≥ 1 gure eight boundaries involved that were reated at zeros of orders
a1 ≥ 0,. . . ,ak ≥ 0 then the newborn zero has order (b′+1)+
∑k
i=1(ai+2). All orders bigger
or equal to 1 are possible.
. To reate a zero of type III we use two pair of holes boundaries reated at zeros of orders b′1
and b′′2 . If there are no gure eight boundaries involved then the order of the newborn zero is
(b′1+1)+(b
′′
2+1). If there are k ≥ 1 gure eight boundaries involved that were reated at zeros
of orders a1 ≥ 0,. . . ,ak ≥ 0 then the newborn zero has order (b′+1)+
∑k
i=1(ai+2)+(b
′′
2+1).
All orders bigger or equal to 2 are possible.
For a given small γ one an reate all of the boundaries of the surfaes involved in the above
onstrution by an appropriate gure eight surgery or a pair of holes surgery (see Figures 2.2
and 2.3) suh that the boundaries all have holonomy vetor γ.
By arranging the bloks in a yli order and identify boundary omponents we reate an
admissible topologial type of onguration of homologous saddle onnetions where eah saddle
onnetion is based at a newborn singularity of one of the three types. There is only the following
obstrution: one needs to either use at least one surfae with a pair of holes boundary or, if one
only uses surfaes with gure eight boundaries, then one needs to use at least one ylinder.
Eah ylinder is bounded by two saddle onnetions, so to have a one to one orrespondene
we think of the ylinder as being ut into two parts by the entral waist urve. Eah half ylinder
then has a saddle onnetion γ on the boundary (that is not the waist urve) that joins a saddle P
to itself. We say that P aounts for this half-ylinder. A zero of type I (see Figure 2.6) aounts
for two half-ylinders (so for one ylinder), a zero of type II (see Figure 2.7) aounts for one half
of a ylinder, and a zero of type III (see Figure 2.8) does not aount for any half ylinder. Note
that only singularities of type II an have order 1. It follows that if for n ∈ N we dene
χ(n) =
{
1/2, if n = 1
1, if n > 1
then we have qmax(d1, . . . , dk) ≤
∑m
i=1 χ(di). To maximize the number of ylinders we onstrut
the zeros of orders greater than or equal to 2 by zeros of type I. The other zeros of order 1
must be reated by zeros of type II (oming from a ylinder followed by a torus with a pair of
holes boundary). This works well if there is an even number of zeros of order 1 in whih ase we
onstruted a onguration with
∑n
i=1 χ(di) ylinders. If there is an odd number of zeros of order
1 then the onstrution of the zeros of order 1 ends with a surfae with a pair of holes boundary.
In this ase we are obliged to onstrut one of the zeros of order greater than 1 by a surfae of type
II, so we onstruted a onguration with
∑m
i=1 χ(di)− 1/2 ylinders. We showed
Proposition 4. Consider a stratum H(α), where α = (d1, . . . , dm) satises di ≥ 1, for i =
1, . . . ,m. We have
qmax(α) =
[
n∑
i=1
χ(di)
]
, (2.8)
48 CHAPTER 2. GEOMETRY OF CONFIGURATIONS WITH CYLINDERS
where the square brakets denote the integer part of a number.
Remark. The proposition says that it is possible to nd in eah stratum H(α) a topologial type
of onguration C suh that q(C) = qmax(α) is as stated. It is not possible to nd a topologial
type C in eah onneted omponent of H(α) with qmax(α) ylinders.
We next show that given any onneted omponent K of a stratum H(α) and any admissible
topologial type C of onguration for K,
cmean area conf(K, C) ≤ 1
3
.
Proof. Let g ≥ 2. Denoting by ℓ(α) the length of α we have
cmean area conf(K, C) = q(C)
2g − 2 + ℓ(α) ≤
qmax(α)
2g − 2 + ℓ(α).
We determine
max
α∈Π(2g−2)
qmax(α)
2g − 2 + ℓ(α),
where Π(2g − 2) denotes the set of permutations of 2g − 2.
First let us prove that a partition α ontaining at least one entry 1 is not maximizing. Indeed,
if there is at least one pair of entries 1 we an modify the initial partition α by replaing the
elements 1, 1 with a single entry 2. This does not hange the value (2.8) of qmax(α), but dereases
the denominator in the ratio qmax/(2g − 2 + ℓ(α)).
If there is a single entry 1 in the partition α, then
∑n
i=1 χ(di) is not an integer. We an modify
α by deleting the entry 1 and inreasing some other entry by 1. This operation does not hange
the value (2.8) of qmax(α), but dereases the denominator in the ratio qmax/(2g − 2 + ℓ(α)).
Thus we have proved that all of the entries of the partition maximizing the ratio qmax(α)/2g − 2 + ℓ(α)
are greater then or equal to 2. The formula (2.8) for suh partitions simplies to qmax(α) = ℓ(α).
Now note that for any g ≥ 2 the funtion
fg(x) =
x
2g − 2 + x = 1−
2g − 2
2g − 2 + x
is stritly monotonously dereasing. Thus, among all partitions of 2g − 2 with entries stritly
greater than one we have to hose the one maximizing ℓ(α). This is the partition (2, . . . , 2) where
the order 2 appears g − 1 times. For this partition we get qmax(2, . . . , 2) = g − 1 = ℓ(α) and so
cmean area conf(K, C) is bounded from above by 1/3 as laimed.
Proof of Theorem 7. It sues to show that for eah genus g there is an admissible topologial
type of onguration C for a onneted omponent K of the stratum H(2, . . . , 2) (g − 1 zeros of
order 1) suh that cmean area conf(K, C) attains the upper bound 1/3.
Note that for the upper bound 1/3 for cmean area conf(K, C) we used qmax. As we explained in
the proof of the relation (2.8), the only way to obtain qmax(2, . . . , 2) is to only use zeros of type I
(a ylinder followed by a torus with a gure eight boundary that was reated at a regular point
followed by a ylinder). Doing this we obtain a surfae in H(2, . . . , 2) with a onguration that
omes with g − 1 ylinders.
By Lemma 14.2 in [EMZ℄ the surfae in H(2, . . . , 2) we onstruted that omes with a maximiz-
ing onguration has odd parity of spin struture, so this surfae is in Hodd(2, . . . , 2). (We reall
in the next setion the lassiation of onneted omponents.) Proposition 7 is proved.
2.3.2 Congurations with simple omplementary regions
This setion provides an answer to the following question of Alex Eskin and Alex Wright: is
it possible to nd in eah onneted omponent of a stratum an admissible topologial type of
onguration whose omplementary regions are tori (with boundary) and ylinders. Motivations
for this problem an be found in [Wr3℄.
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The answer depends on the onneted omponent, so we need to reall the lassiation of on-
neted omponents for strataH(α) of Abelian dierentials from [KZ℄. Some onneted omponents
are haraterized by the fat that they only ontain hyperellipti surfaes. For a surfae S in a
stratum H(d1, . . . , dn) where all di are even one has the notion of parity of spin struture that is
either 0 or 1. We then have
Theorem (M. Kontsevih, A. Zorih [KZ℄). Let H(d1, . . . , dm) be a stratum of Abelian dierentials
on a surfae of genus g ≥ 4. The strata H(2g − 2) and H(g − 1, g − 1) are the only strata to have
a hyperellipti omponent Hhyp(2g − 2), resp. Hhyp(g − 1, g − 1). Apart from these hyperellipti
omponents we have:
a. If at least one of the di is odd then there is only one non-hyperellipti omponent.
b. If all of the αi are even then there are two non-hyperellipti omponents, Heven with even
and Hodd with odd parity of spin struture.
Remark. The lassiation in [KZ℄ also overs g = 2, 3 but we will not need this.
Proposition 5. Let Hcomp(α) denote a onneted omponent of a stratum of Abelian dierentials
on a surfae of genus g ≥ 5.
Then:
a. If Hcomp(α) is hyperellipti (so Hhyp(2g − 2) or, if g − 1 is even, Hhyp(g − 1, g − 1)) then
it is not possible to nd an admissible topologial type of onguration whose omplementary
regions are only tori (with boundary) and ylinders.
b. If g is even and Hcomp(α) = Heven(α) then we an nd a topologial type of onguration
whose omplementary regions are tori, ylinders and one surfae of genus two. But it is not
possible to only have tori and ylinders.
. In all remaining onneted omponents one an expliitly onstrut an admissible topologial
type of onguration whose omplementary regions are tori and ylinders.
Proof. First note that a onguration ontaining only tori and ylinders, or tori, ylinders, and at
most one genus two surfae does not our in hyperellipti strata, sine a hyperellipti surfae an
ontain at most two losed homologous saddle onnetions, whih rules out g ≥ 5. Lemma 14.5
in [EMZ℄ desribes preisely ongurations in hyperellipti omponents of strata.
We suppose for what follows that Hcomp(α) is not a hyperellipti omponent.
Reall the desription of singularities of types I, II, and III from the previous setion. If apart
from ylinders, we only use surfaes of genus 1, then we must do gure eight surgeries and pair of
holes surgeries at regular marked points. So we have:
a. A zero of type I has order 2k, where k ≥ 1 is the number of tori with gure eight boundaries
(see Figure 2.6).
b. A zero of type II has order 2k + 1, where k ≥ 0 is the number of tori with gure eight
boundaries (see gure 2.7).
. A zero of type III has order 2k + 2, where k ≥ 0 is the number of tori with gure eight
boundaries (see gure 2.8).
Assume that α ontains at least one odd di, so α = (2a1, · · · , 2ap, 2b1 + 1, · · · , 2br + 1) with p ≥ 0
and r ≥ 1 (p = 0 orresponds to the ase when all αi are odd).
We onstrut blos of surfaes that ontain zeros of type II of orders 2b1+1,. . . , 2br+1. Note
that sine
∑
i di is even, the number r of odd di is even, so in our onstrution the rst and last
surfae is a ylinder. If there is at least one zero of even order then we onstrut in addition blos
of surfaes that ontain zeros of type I of orders 2a1,. . . ,2ap. For this onstrution the rst and
last surfae is also a ylinder. Arranging the blos in a yli order and identifying ylinders we
get in eah ase an admissible topologial type of onguration for H(α) whose omplementary
regions are ylinders and tori.
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Suppose now that all di in H(α) are even, so we an not have a zero of type II. We then either
have only zeros of type I or only zeros of type III as having zeros of types I and III neessarily
implies that we have a zero of type II.
It is easy to verify (§14.1 in [EMZ℄) that if we only have zeros of type I then the orresponding
surfae has an odd parity of spin struture and if we only only have zeros of type III then the
parity of the resulting surfae is the parity of g − 1. So for g odd we are done, but for even g the
parity of the spin struture is 1 in both ases.
If we only have zeros of type III but replae one of the pair of holes boundary tori with a
genus 2 surfae with a pair of holes boundary then the parity of the spin struture of the resulting
surfae is the parity of g. So for even g we onstruted a surfae of parity 0. This ompletes the
proof.
2.4 Toolbox
We reall some well known fats about the Beta funtion and inomplete Beta funtion.
The (real) Gamma funtion is dened for eah x > 0 by
Γ(x) =
∫ ∞
0
e−uux−1du.
It satises
Γ(x) = (x− 1)Γ(x− 1), so for n ∈ N, Γ(n) = (n− 1)!. (2.9)
The Beta funtion dened for real numbers a, b > 0 by
B(a, b) =
∫ 1
0
ua−1(1− u)b−1du (2.10)
satises for positive real numbers a, b and positive integers n,m
B(a, b) =
Γ(a)Γ(b)
Γ(a+ b)
B(n,m) =
(n− 1)!(m− 1)!
(n+m− 1)! . (2.11)
The Inomplete Beta funtion dened for real positive numbers x, a, b by
B(x; a, b) =
∫ x
0
ua−1(1 − u)b−1du (2.12)
satises
B(x; a, b) = B(a, b)
a+b−1∑
k=a
(
a+ b− 1
k
)
xk(1− x)a+b−1−k.
The regularized inomplete Beta funtion is dened as
I(x; a, b) =
B(x; a, b)
B(1; a, b)
=
B(x; a, b)
B(a, b)
.
See gure 2.9 for the density funtion f(x) = ddx I(x; a, b) for various values for a and b. See [Du℄
for a historial development of the inomplete Beta funtion.
Lemma 6.
I(A,B) =
B∑
k=0
(−1)k
(
A+B
A+ k
)
=
(
A+B − 1
B
)
(2.13)
I˜(A,B) =
B∑
k=0
k(−1)k+1
(
A+B
A+ k
)
=
(
A+B − 2
B − 1
)
(2.14)
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Figure 2.9: Graphs of the density funtion f(x) = ddx I(x; a, b)
Proof. Let Ip(A,B) =
∑B
k=0(−p)k
(
A+B
A+k
)
and I˜p(A,B) =
∑B
k=0 k(−p)k
(
A+B
A+k
)
.
We have the reurrene relation Ip(A,B + 1) − (1 − p)Ip(A,B) =
(
A+B
A−1
)
. Taking p = 1 we
get (2.13).
Taking the derivative of the reurrene relation with respet to p we get I˜p(A,B) = pI
′
p(A,B)
and hene I˜p(A,B + 1) = −pIp(A,B) + (1− p)I˜p(A,B). Taking p = 1 we get (2.14).
Lemma 7. For q ≥ 0 and l ≤ q the value of
Iˆ(n, q, l) =
q+1∑
k=0
(
n+ q + 1
n+ k
)(
k
q + 1− l
)
(−1)l+k+q+1
is
Iˆ(n, q, l) =
(
n+ l − 1
l
)
.
Proof. Using the reurrene relation on binomial oeients one obtains Iˆ(n, q + 1, l) = Iˆ(n, q, l).
So we have Iˆ(n, q+1, l) = Iˆ(n, l, l). Noting that Iˆ(n, l, l) = I˜(n, l+1) we get the desired result.
Lemma 8. The inomplete Beta funtion satises
B(1− p, n, q) = (1− p)n B(n, q)
q−1∑
l=0
(
n+ l − 1
l
)
pl.
Proof.
n+q−1∑
k=n
(
n+ q − 1
k
)
(1− p)kpn+q−1−k
= (1− p)n
q−1∑
k=0
(
n+ q − 1
n+ k
)
(1− p)n+kpq−1−k
= (1− p)n
q−1∑
k=0
k∑
j=0
(
n+ q − 1
n+ k
)(
k
j
)
(−1)k−jpq−1−j
= (1− p)n
q−1∑
l=0
[
q−1∑
k=0
(
n+ q − 1
n+ k
)(
k
q − 1− l
)
(−1)k+l+q+1
]
pl
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It sues to apply Lemma 7.
Chapter 3
SiegelVeeh onstants for
ongurations of

homologous saddle
onnetions
This hapter orresponds to the rst part of a preprint titled
SiegelVeeh onstants and volumes of strata of moduli spaes of quadrati dierentials.
3.1 Introdution
3.1.1 Cylinders and saddle onnetions on half-translation surfaes
A meromorphi quadrati dierential q with at most simple poles on a Riemann surfae S of genus
g denes a at metri on S with onial singularities. If q is not the global square of a holomorphi
1-form on S, the metri has a non-trivial linear holonomy group, and in this ase (S, q) is alled
a half-translation surfae. In this paper we onsider only quadrati dierentials satisfying the
previous ondition. If α = {α1, . . . , αn} ⊂ {−1} ∪ N is a partition of 4g − 4, Q(α) denotes the
moduli spae of pairs (S, q) as above, where q has exatly n singularities of orders given by α. It
is a stratum in the moduli spae Qg of pairs (S, q) with no additional onstraints on q.
In the following we will refer to a half-translation surfae (S, q) simply as S.
A saddle onnetion on S is a geodesi segment on S joining a pair of onial singularities or
a singularity to itself without any singularities in its interior. Note that maximal at ylinders
lled by parallel regular losed geodesis have their boundaries omposed by one or several parallel
saddle onnetions. In this paper we will evaluate the number of suh ylinders on S in terms of
the volumes of some strata, using the study of saddle onnetions by Masur and Zorih in [MZ℄.
3.1.2 Rigid olletions of saddle onnetions
A saddle onnetion persists under any small deformation of S inside the stratum Q(α). Moreover
Masur and Zorih notied in [MZ℄ that in some ases any small deformation whih shortens a
spei saddle onnetion shortens also some other saddle onnetions. More preisely, they give
the following result (Proposition 1 of [MZ℄):
Proposition 4 (Masur-Zorih). Let {γ1, . . . , γm} be a olletion of saddle onnetions on a half-
translation surfae S. Then any suiently small deformation of S inside the stratum preserves
the proportions |γ1| : |γ2| : . . . : |γm| of the lengths of the saddle onnetions if and only if the
saddle onnetions are

homologous.
Roughly two saddle onnetions are

homologous if they dene the same anti-invariant yle in
the orientation double over. The preise denition will be realled in  3.2.1. In partiular two

homologous saddle onnetions are parallel with ratios of lengths equal to 1 or 2.
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The geometri types of possible maximal olletions of

homologous saddle onnetions γ =
{γ1, . . . , γm} on S are alled ongurations of saddle onnetions. Masur and Zorih lassied all
ongurations of saddle onnetions in [MZ℄ in terms of ombinatorial data.
We assume in the sequel that S belongs to a onneted stratum (unless the non onnetedness
is stated expliitly), and we will speak indierently about ongurations for the surfae S or for
the stratum Q(α), the seond means that we look at all possible ongurations on almost every
surfae S ∈ Q(α).
We are interested in olletions of

homologous saddle onnetions, suh that some of the saddle
onnetions bound at least one ylinder lled by parallel regular losed geodesis. We refer to the
geometri type of these olletions as ongurations ontaining ylinders or ongurations with
ylinders.
It is proved in [MZ℄ that suh ylinders have in fat eah of their two boundaries omposed by
exatly one or two saddle onnetions in the olletion, and that if there are several ylinders in the
onguration, the lengths of their waist urves are either the same or have the ratio 1:2. Namely,
some ylinders have their width twie larger than the width of the other ylinders. The boundary
of the rst ylinders are omposed either by two or one saddle onnetion, and the boundary of
the seonds are omposed by exatly one saddle onnetion. We will refer to ylinders of the rst
type as thik ylinders and to ylinders of the seond type as thin ylinders. We all the length
of the minimal saddle onnetion in the olletion or equivalently the width of any thin ylinder
the length of the onguration.
Let γ be a maximal olletion of homologous saddle onnetions on S. Then the omplimentary
region of these saddle onnetions and the ylinders bounded by these saddle onnetions is the
union of some surfaes with boundaries. Eah of them might be obtained by a spei surgery
from a at surfae belonging to a stratum Q(αi) or H(βj). The union of these strata Q(α′) =
∪i,jQ(αi) ∪ H(βj) is alled the boundary stratum for the onguration C. This denomination is
meaningful: the boundary stratum orresponds to the degeneration of the stratum Q(α) as the
lengths of the saddle onnetions in the olletion tend to 0.
3.1.3 Counting saddle onnetions
Let S be a half-translation surfae in a onneted stratum Q(α), and C a onguration with
ylinders on S. It means that in some given diretion, there is a olletion of homologous saddle
onnetions of type C on S. Note that by results of [EMa℄ in many other diretions, one an usually
nd another olletion of

homologous saddle onnetions of same type C.
We introdue N(S, C, L) the number of diretions on S in whih we an nd a olletion of
saddle onnetions of type C, with the length of the smallest saddle onnetion smaller than L.
Sine we are interested in ylinders we introdue also Ncyl(S, C, L) that ounts eah appearane of
the onguration C with weight equal to the number of the ylinders of width smaller than L, and
Narea(S, C, L) that ounts eah appearane of the onguration C with weight equal to the area of
the ylinders of width smaller than L.
For eah of these numbers, we introdue the orresponding SiegelVeeh onstant, that gives
the asymptoti of these numbers as L goes to innity:
c∗(C) = lim
L→∞
N∗(S, C, L) · (Area of S)
πL2
Eskin and Masur showed in [EMa℄ that these onstants do not depend on S for almost every S
in the onneted stratum Q(α). Combining these results with the results of Veeh ([Ve3℄), one
onludes that all these onstants are stritly positive.
3.1.4 Appliation of SiegelVeeh onstants
One of the prinipal reasons, why the SiegelVeeh onstants are more and more intensively studied
during the last years (see [AEZ1℄, [Ba1℄, [Ba2℄, [BG℄, [EKZ2℄, [Vo℄) is the relation between them
and the Lyapunov exponents of the Hodge bundle along the Teihmüller ow: the key formula
of [EKZ2℄ expresses the sum of the positive Lyapunov exponents for any stratum Q(α) as a sum
of a very expliit rational funtion in α and the SiegelVeeh onstant carea(Q(α)). The Lyapunov
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exponents are losely related to the deviation spetrum of measured foliations on individual at
surfaes, see [Fo1℄, [Fo2℄, [Zo1℄, [Zo2℄, whih opens appliations to billiards in polygons, interval
exhanges, et.
A reent breakthrough of A. Eskin and M. Mirzakhani provides, in partiular, new tools allowing
to prove that the SL(2,R)-orbit losure of ertain individual at surfaes is an entire stratum. By
the theorem of J. Chaika and A. Eskin [CkE℄, almost all diretions for suh a at surfae are
Lyapunov-generi. This allows to umulate all the tehnology mentioned above to ompute, for
example, the diusion rate of billiards with ertain periodi obstales. The nal expliit answer (as
2/3 for the diusion rate in the windtree model studied in [DHL℄) is ertain Lyapunov exponent
as above. This kind of quantitative answers or estimates are often redued to omputation of the
appropriate SiegelVeeh onstant.
The Konsevih formula (see [Ko2℄) for the sum of the Lyapunov exponents over a Teihmüller
urve and reent results of S. Filip [Fi℄ showing that every orbit losure is a quasiprojetive variety
suggest that an adequate intersetion theory of the strata might provide algebro-geometri tools
to evaluate SiegelVeeh onstants (see also [KtZg℄ in this onnetion). However, suh intersetion
theory is not developed yet, and we are limited to analyti tools in our evaluation of SiegelVeeh
onstants.
3.1.5 Prinipal results
Now we are ready to state the main theorem of this paper.
Theorem 8. Let C be an admissible onguration for a onneted stratum Q(α) of quadrati
dierentials. Let q1 denote the number of thin ylinders, q2 the number of thik ylinders in the
onguration C, and q = q1 + q2 the total number of ylinders. Assume that the boundary stratum
Q(α′) is non empty, and q ≥ 1. Then the SiegelVeeh onstants assoiated to C are the following:
c(C) = M
2q+2
(dimCQ(α′)− 1)!
(dimCQ(α) − 2)!
VolQ1(α′)
VolQ1(α) (3.1)
ccyl(C) =
(
q1 +
1
4
q2
)
c(C) (3.2)
carea(C) = 1
dimCQ(α) − 1ccyl(C) (3.3)
where M =
MsMc
Mt
and Mc, Mt, Ms are ombinatorial onstants depending only on the ongura-
tion C, expliitly given by equations (3.8), (3.11) and (3.18).
When the boundary stratum is empty, the formulae are simpler and given in 3.3.3.
This theorem is proven in setion 3.3.3. Note that these formulae oinide in genus 0 with
formulae of [AEZ1℄, for the two ongurations ontaining ylinders (named poket and dumbell
in the artile).
The ratio
carea(C)
ccyl(C) =
1
dimCQ(α)− 1 an be interpreted as the mean area of a ylinder in the
onguration C. Note that it depends only on the dimension of the ambient stratum.
For a xed stratum Q(α) onsider all admissible ongurations, and denote qmax(α) the maxi-
mal number of ylinders for all these ongurations. We evaluate this number in setion 3.5.2. The
ratio
qmax(α)
dimC(Q(α)) − 1 represents the maximum mean total area of the ylinders in stratum Q(α).
Proposition 5. We have
max
α∈Π(4g−4+k)
qmax(α ∪ {−1k})
2g − 3 + ℓ(α) + k
kxed−−−−→
g→∞
1
3
gxed−−−−→
k→∞
1
5
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where Π(4g − 4 + k) denotes the set of partitions of 4g − 4 + k and l(α) is the length of the
partition α. Furthermore for any genus g and number of poles k the bound is ahieved for α ∈
Πk′ ⊔Π4(4g− 4+ k− k′), where k′ = k− 4⌊
k
4
⌋ and Π4(4g− 4+ k− k′) denote the set of partitions
of 4g − 4 + k − k′ using only 4's.
3.1.6 Historial remarks
The SiegelVeeh onstants for the strata of Abelian dierentials were evaluated in the paper [EMZ℄;
the relations between various SiegelVeeh onstants were studied in [Vo℄ and some further ones
in a reent paper [BG℄. The omputation in [EMZ℄ involves a ombination of rather involved
ombinatorial and geometri onstrutions. To test the onsistene of their theoretial preditions
numerially, the authors of [EMZ℄ ompare the formulae for the Lyapunov exponents expressed in
terms of the SiegelVeeh onstants (redued, in turn, to ombinations of volumes of the boundary
strata) with numeris provided by experiments with the Lyapunov exponents. These tests are
based, in partiular, on the results of A. Eskin and A. Okounkov [EOk1℄ providing the expliit
values of the volumes of all strata of Abelian dierentials in small genera.
The desription of ombinatorial geometry of ongurations of saddle onnetions for the strata
of quadrati dierentials is performed in the paper of H. Masur and A. Zorih [MZ℄; for the
hyperellipti omponents and for strata in genus zero suh desription is given in the paper of
C. Boissy [Bo℄.
The evaluation of the orresponding SiegelVeeh onstants in genus zero was reently per-
formed by J. Athreya, A. Eskin, and A. Zorih [AEZ1℄; see also the related paper [AEZ2℄. The
results were also veried by omputer experiments with Lyapunov exponents ombined with the
knowledge of the volumes of the strata of quadrati dierentials in genus zero. (The authors prove
in [AEZ1℄ an extremely simple expliit formula for suh volumes in genus zero onjetured by
M. Kontsevih.)
In the urrent paper we treat the strata of quadrati dierentials in arbitrary genus. We should
point out that we are urrently very limited in numerial tests of the suggested formulae. In the
ontrast to the strata of Abelian dierentials the analogous results of A. Eskin, A. Okounkov, and
R. Pandharipande [EOPa℄ do not provide expliit values for the volumes of the strata of quadrati
dierentials. This is why we have inluded in this paper a straightforward evaluation of volumes
of ertain strata, whih allows to obtain at least some exat values of SiegelVeeh onstants
for the strata of quadrati dierentials away from genus zero, and to show that our formulae for
SiegelVeeh onstants are onsistent with numeris oming from Lyapunov exponents of the Hodge
bundle over the Teihmüller ow.
3.1.7 Struture of the paper
The paper is divided into two parts. The rst part, theoretial, gives the proof of Theorem 8,
and develops the results on a speial family of strata: Q(1k,−1l). The rst part ends with the
extension of some geometri results proved in [BG℄ for the strata of Abelian dierentials to the
strata of quadrati dierentials.
The omputations of this rst part generalize the omputations presented in the artiles [EMZ℄,
and [AEZ1℄, but in higher genus there is a huge distane between the theory and getting exat values
of SiegelVeeh onstants, beause the tehniques involve some phenomenons of higher omplexity.
This is why we present in a seond part all pragmatial omputations.
So the seond part of this paper is devoted to the omputation of the values of the volumes of
ertain strata and of the hyperellipti omponents of strata. Sine the values of the orrespond-
ing SiegelVeeh onstants are known, the omputed values of volumes enable us to hek that
the formulae of the rst part are oherent. This heking is primordial sine the hoie of the
normalization for the volume and the symmetries of high omplexity for the ongurations aet
eah step of the omputations. In the Abelian ase this heking has been done using numerial
values provided by [EOk1℄, but for the ase of quadrati dierentials obtaining numerial values of
volumes is still work in progress. So our hope is also that the omputed values of this artile will
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be used as test values for the future eetive algorithm giving approximated values of volumes of
strata of quadrati dierentials.
In this part we rst reall the prerequisites and the general method of [EMZ℄ to ompute Siegel
Veeh onstants. In setion 3.3 we prove Theorem 8. Then we apply our results in  3.4 to the
family of strata Q(1k,−1l). In this ase we an give very expliitly the onstant M whih appears
in Theorem 8. Finally in the last setion of this part we extend some geometri results proven in
[BG℄ in the ase of Abelian dierentials.
3.2 Preliminaries
3.2.1

Homologous saddle onnetions
We preise here from [MZ℄ the notion of

homologous saddle onnetions.
Reall that any at surfae (S, q) in Q(α) admits a anonial ramied double over Sˆ p→ S
suh that the indued quadrati dierential on Sˆ is a global square of an Abelian dierential, that
is p∗q = ω2 and (Sˆ, ω) ∈ H(αˆ). Let Σ = {P1, . . . Pn} denote the singular points of the quadrati
dierential on S, and Σˆ = {Pˆ1, . . . PˆN} the singular points of the Abelian dierential ω on Sˆ. Note
that the pre-images of poles Pi are regular points of ω so do not appear in the list Σˆ. The subspae
H1−(Sˆ, Σˆ;C) antiinvariant with respet to the ation of the hyperellipti involution provides loal
oordinates in the stratum Q(α) in the neighbourhood of S.
Let γ be a saddle onnetion on S. We denote γ′ and γ′′ its two lifts on Sˆ. If [γ] = 0
downstairs, then [γ′] + [γ′′] = 0 upstairs, and in this ase we dene [γˆ] := [γ′]. In the other ase
we have [γ′] + [γ′′] 6= 0 and we dene [γˆ] := [γ′]− [γ′′]. We obtain an element of H1−(Sˆ, Σˆ;C).
Then two saddle onnetions γ1 and γ2 are said to be homologous if [γˆ1] = [γˆ2] in H1(Sˆ, Σˆ,Z),
under an appropriate hoie of orientations of γ1, γ2.
3.2.2 Congurations of saddle onnetions
A onguration is one of the geometri type of all possible maximal olletions of

homologous
saddle onnetions. We explain here preisely whih informations haraterize the geometri type
of a olletion (Denition 3 of [MZ℄). Given suh a olletion of saddle onnetions on a surfae
S, utting along these saddle onnetions will give a union of surfaes with boundaries. These
surfaes an be either at ylinders, or surfaes obtained by a surgery from a surfae of trivial or
non trivial holonomy. These surfaes are alled boundary surfaes. We reord the genus and the
order of the singularities of all these surfaes. We reord also whih type of surgery is applied to
whih singularity on eah surfae with the preise angles. Finally we reord the way the surfaes
are glued in the initial surfae. All this information haraterizes a onguration of

homologous
saddle onnetions.
3.2.3 Graphs of ongurations
We reall here briey how the graphs introdued by Masur and Zorih in [MZ℄ enode all ombi-
natorial information about a onguration. Let S be a half-translation and γ a saddle onnetion
of onguration C. The graph of the onguration C is given by the following proedure: assoiate
to eah of the boundary surfaes a vertex in the graph, with the following symboli: a vertex ⊕
represents a surfae of trivial holonomy, a vertex ⊖ a surfae of non trivial holonomy, and a vertex
◦ a ylinder. Then there is an edge between two verties if the boundaries of the orresponding
surfaes share a ommon saddle onnetion. At this stage we obtain a graph desribed by Figure
3 in [MZ℄.
The surgeries performed on eah surfae are represented by loal ribbon graphs belonging to
the list desribed in Figure 6 of [MZ℄. These loal graphs are deorated with numbers ki whih
are the numbers of horizontal geodesi rays emerging from the zeroes on whih we perform the
surgery, in an angular setor delimited by two

homologous saddle onnetions. The reunion of
these loal ribbon graphs forms globally a ribbon graph that an be drawn on the graph giving the
organization of the surfaes. The boundary of this ribbon graph has several onneted omponents,
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eah of them represents a newborn zero. To ompute the order of a newborn zero, one an ount
the number of geodesi rays emerging from this point, that is, sum all the ki's met when one goes
along the onneted omponent of the boundary of the ribbon graph orresponding to the newborn
zero. The one angle around this point is then π
∑
i(ki + 1). See Figure 7 in [MZ℄ for an example.
3.2.4 General strategy for the omputation of SiegelVeeh onstants
We reall here the sketh of the general method developed in [EMZ℄ to evaluate SiegelVeeh
onstants in the Abelian ase, transposed to the quadrati ase in genus 0 in [AEZ1℄.
Let VC(S) be the set of holonomy vetors of saddle onnetions on S of type C. The number
of ongurations C in S suh that the length of the homologous saddle onnetions is bounded is
then
N(S, C, L) = 1
2
|VC(S) ∩B(0, L)|,
where the fator
1
2 ompensates the fat that the saddle onnetions are not oriented and so their
holonomy vetors are dened up to a sign. If q is the number of ylinders in the onguration and
q1 the number of thin ylinders, we dene as well
Ncyl(S, C, L) = 1
2
(
q
∣∣∣∣VC(S) ∩B
(
0,
L
2
)∣∣∣∣+ q1
∣∣∣∣VC(S) ∩ A
(
L
2
, L
)∣∣∣∣
)
,
with A
(
L
2 , L
)
= B(0, L)\B (0, L2 ). Note that Ncyl(S, C, L) ounts eah realization of ongurationC with weight the number of ylinders of width smaller than L: if the width of the thin ylinders
is smaller than L/2 then all the q ylinders have their width smaller than L, if the width of the
thin ylinders is omprised between L/2 and L, then the thik ylinders do not ount.
Simplifying the last expression we get
Ncyl(S, C, L) = q2N(S, C, L/2) + q1N(S, C, L) (3.4)
where q2 is the number of thik ylinders (q = q1 + q2).
Finally we dene
Narea(S, C, L) = 1
2
∑
v∈VC(S)∩B(0,L)
A(v)
where A(v) is the area of the ylinders of width smaller than L among those assoiated to the
saddle onnetions of type C and holonomy vetor ±v. Note that Narea(S, C, L) weights only the
ylinders whih are ounted by Ncyl(S, C, L).
Convention 1. Following [AEZ1℄ we denote Q1(α) the hypersurfae in Q(α) of at surfaes of area
1/2 suh that the area of the double over is 1.
The stratum Q(α) is equipped with a natural PSL(2,R)-invariant measure µ, alled Masur-
Veeh measure, indued by the Lebesgue measure in period oordinates. We hoose a normalization
for µ in 3.3.1. This measure indues a measure µ1 on Q1(α) in the following way: if E is a subset
of Q1(α), we denote C(E) the one underneath E in the stratum Q(α):
C(E) = {S ∈ Q(α) s.t. ∃r ∈ (0,+∞), S = rS1 with S1 ∈ E}
and we dene
µ1(E) = 2d · µ(C(E)),
with d = dimC Q(α), that is, the measure dµ disintegrates in dµ = r2d−1drdµ1.
Eskin and Masur proved in [EMa℄ that the asymptotis
lim
L→∞
N∗(S, C, L) · (Area of S)
πL2
do not depend on the surfae S for almost every surfae in a onneted omponent of a stratum
of Abelian dierentials. Athreya Eskin and Zorih generalized their method to the quadrati ase
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in Theorem 2.3 in [AEZ1℄. Then the following SiegelVeeh onstants are well dened for almost
every surfae S in a onneted omponent of a stratum of quadrati dierentials:
c∗(C) = lim
L→∞
N∗(S, C, L) · (Area of S)
πL2
.
Remark 1. Note that it follows diretly from this formula and the denition (3.4) of Ncyl(S, C, L)
that:
ccyl(C) =
(
q1 +
1
4
q2
)
c(C),
whih is the equation (3.2) in Theorem 8.
Now let Q(α) be onneted stratum. The SiegelVeeh formula (f [Ve3℄, Theorem 0.5) gives
the existene of onstants b∗(C) suh that
1
Vol(Q1(α))
∫
Q1(α)
N∗(S, C, L)dµ1(S) = b∗(C)πL2
so neessarily b∗(C) = 2c∗(C) and we an express the SiegelVeeh onstant as
c∗(C) = lim
ε→0
1
2πε2
1
Vol(Q1(α))
∫
Q1(α)
N∗(S, C, ε)dµ1(S).
In fat the integral is over the subset Qε1(C) of Q1(α) formed by the surfaes with at least one
family of short saddle onnetions of type C, where short means of length smaller than ε. We
deompose this subset as Qε1(C) = Qε,thick1 (C) ∪ Qε,thin1 (C) where Qε,thin1 (C) is the set of surfaes
having at least two distint olletions of short saddle onnetions of type C. Eskin and Masur
proved that this subset is so small that we have
1
VolQ1(α)
∫
Qε,thin1 (C)
N∗(S, C, ε)dµ1(S) = o(ε2).
Finally we obtain
c∗(C) = lim
ε→0
1
2πε2
Vol∗Qε1(C)
VolQ1(α) (3.5)
where Vol∗Qε1(C) is the weighted volume:
Vol∗Qε1(C) =
∫
Qε1(C)
W∗(C, S)dµ1(S)
with W (C, S) = 1, Wcyl(C, S) is equal to the number of ylinders of width smaller than ε,
Warea(C, S) is equal to the area of the ylinders of length smaller than ε in the onguration
C on S.
The last step is the omputation of Vol∗Qε1(C) in term of the volume of the boundary stratum,
see  3.3.3.
Counting saddle onnetions of type C is related to a more general problem: ounting saddle
onnetions with no xed type. Introduing the number N(S,L) of distint holonomies of saddle
onnetions shorter than L on S ∈ Q(α), the orresponding SiegelVeeh onstants
c∗(Q(α)) = lim
L→∞
N(S,L) · (Area of S)
πL2
are also well-dened for almost every S ∈ Q(α) and depend only of the stratum. Then we have
naturally
c∗(Q(α)) =
∑
C
c∗(C).
The onstant carea(Q(α)) is partiularly important beause the formula of [EKZ2℄ relates it to the
sum of Lyapunov exponents for the Teihmüller geodesi ow. So it implies a lot a appliations
to the dynamis in polygonal billiards. Also sine there are numerial experiments on Lyapunov
exponents, the Eskin-Kontsevith-Zorih formula provides numerial approximation for the on-
stants carea(Q(α)), and that gives a way to hek omputations on the onstants carea(C). This is
the main reason why we fous on ongurations ontaining ylinders: they are the only ones that
ontribute to the onstant carea(Q(α)).
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3.2.5 Strata that are not onneted
In the last setion we explained the method to ompute SiegelVeeh onstants for onneted
strata. The lassiation of onneted omponents of strata is given in [La2℄. Most of the strata are
onneted, the only ones whih are not onneted are the one whih have a hyperellipti omponent
(exept some sporadi examples in genus 3 and 4), and in this ase there is only one supplementary
omponent. The three types of strata ontaining hyperellipti omponents are realled on  4.1.1.
The general strategy for omputing SiegelVeeh onstants for the onneted strata an be
adapted for onneted omponents. For a onneted omponent Qcomp(α) we dene the Siegel
Veeh onstants by the means:
c∗(Qcomp(α), C) = lim
ε→0
1
2πε2
1
Vol(Qcomp1 (α))
∫
Qcomp1 (α)
N(S, C, ε)dµ1(S).
Note that the onneted omponents of Q1(α) are exatly the intersetion of Q1(α) with the
onneted omponents of Q(α). We have also the property that
c∗(C) = lim
L→∞
N∗(S, C, L) · (Area of S)
πL2
,
for almost every S in the omponent Qcomp(α).
So we will obtain the same evaluation:
c∗(Qcomp(α), C) = lim
ε→0
1
2πε2
Vol∗Qε1(comp, C)
VolQ1(α) . (3.6)
We apply this method in the ase of hyperellipti omponents in setion 4.2.
3.3 Computation of Siegel-Veeh onstant for onneted strata
In this setion, Q(α) will denote a onneted stratum of quadrati dierentials. We will evaluate
SiegelVeeh onstants c∗(C) dened in  3.2.4 using equation (3.5).
3.3.1 Choie of normalization
We have to hoose a normalization for the volume element on a strata Q(α), whih is equivalent to
hoose a lattie in the spae H1−(Sˆ, Σˆ;C) whih gives the loal model of the stratum Q(α) around
S.
Convention 2. We follow the onvention of [AEZ1℄ and hoose, as lattie inH1−(Sˆ, Σˆ;C) of ovolume
1, the subset of those linear forms whih take values in Z⊕ iZ on H−1 (Sˆ, Σˆ;Z), that we will denote
by (H−1 (Sˆ, Σˆ;Z))
∗
C
.
This onvention implies that the non zero yles in H1(S,Σ,Z) (that is, those represented by
saddle onnetions joining two distint singularities or losed loops non homologous to zero) have
half-integer holonomy, and the other ones (losed loops homologous to zero) have integer holonomy.
Convention 3. We hoose to labelled all zeroes and poles. This aets the omputation of volumes,
but it is easy to dedue the value of volumes of strata with anonymous singularities.
3.3.2 Constrution of a basis of H−1 (Sˆ, Σˆ,Z)
In this setion we reall the generi onstrution given in [AEZ1℄ of a basis of H−1 (Sˆ, Σˆ,Z) from a
basis ofH1(S,Σ,Z), and also a spei onstrution for eah onguration. In the following setions
we will look at every onguration and use the spei basis assoiated to eah onguration in
order to have a nie expression of the measure in terms of parameters of the ylinders.
For a primitive yle [γ] in H1(S,Σ,Z), that is, a saddle onnetion joining distint zeros or a
losed yle (absolute yle), the lift [γˆ] is a primitive element of H−1 (Sˆ, Σˆ,Z).
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Generi basis
(f [AEZ1℄ §3.1) Let k be the number of poles in Σ, a the number of even zeroes and b the number
of odd zeroes (of order ≥ 1). Assume that the zeroes are numbered in the following way: P1, . . . Pa
are the even zeroes, Pa+1, . . . , Pa+b are the odd zeroes and Pa+b+1, . . . , Pn the poles, and take a
simple oriented broken line P1, . . . Pn−1. Take eah saddle onnexion γi represented by [Pi, Pi+1]
for i going from 1 to n− 2, and a basis {γn−1, . . . , γn+2g−2} of H1(S,Z).
Lemma 3. The family {γˆ1, . . . , γˆn+2g−2} is a basis of H−1 (Sˆ, Σˆ,Z).
Proof. First it is lear that the elements γˆ1, . . . , γˆn+2g−2 are primitive elements of H−1 (Sˆ, Σˆ,Z) and
linearly independent. Moreover they do not generate a proper sub-lattie of H−1 (Sˆ, Σˆ,Z). Eah of
the k poles lifts to a regular point in Sˆ so does not appear in the list Σˆ. An even zero of order
αi lifts to two zeroes of degrees
αi
2 , and an odd zero of order αj lifts to a zero of degree αj + 1.
So we have n = |Σ| = k + a + b and N = |Σˆ| = 2a + b. Thus if gˆ is the genus of Sˆ we have
4g − 4 = −k +∑αi≥1 αi and 2gˆ − 2 =∑αi≥1 αi + b and so
dimC(H1(Sˆ, Σˆ,Z)) = 2gˆ − 1 +N = (2g − 2 + n) + (2g − 1 + a+ b)
= dimCH
−
1 (Sˆ, Σˆ,C) + dimCH
+
1 (Sˆ, Σˆ,C).
This equality on dimensions shows that we an omplete the family {γˆ1, . . . , γˆn+2g−2} with
{γ′1, . . . , γ′n−k−1, γ′n−1, . . . , γ′n+2g−2} to form a basis of H1(Sˆ, Σˆ,R) (the linear independene is
lear from the onstrution). The intersetion matrix has integer oeients and is of determinant
1, so that ends the proof of the lemma.
Basis assoiated to a onguration
Fix a onguration C. As in [EMZ℄, we dene an appropriate family {γ1, . . . , γn+2g−2} ofH1(S,Σ,Z)
for S ∈ C, whih lifts to a basis of H−1 (Sˆ, Σˆ,Z), as follows:
• for eah omponent of the prinipal boundary strata Q(α′i) take a family {βi1, . . . , βini+2gi−2}
of H1(S
′
i,Σi,Z) suh that {βˆi1, . . . , βˆini+2gi−2} is a basis of H−1 (Sˆ′i, Σˆi,Z) as previously,
• for eah homologous ylinder take a urve δj joining its boundary singularities (there might
be an ambiguity in the hoie of suh a urve, f  3.3.3)
• take a saddle onnetion or a losed urve in the homology lass of γ (we denote ±−→v the
holonomy of γ ).
Lifting this basis to H−1 (Sˆ, Σˆ,Z) using theˆoperator provides a primitive basis of H
−
1 (Sˆ, Σˆ,Z), as
previously.
We will keep the same notations for elements in (H−1 (Sˆ, Σˆ;Z))
∗
C
3.3.3 Computation
Fix a onguration C ontaining q ylinders (q ≥ 1). Now we give a omplete desription of the
measure µ in terms of parameters of the onguration by disintegrating the volume element dµ.
By [EMa℄ and [MS℄ we have Vol∗Qε1(C) = Vol∗Qε,thick1 (C) + o(ε2), so we will desribe µ only
on Qε,thick(C).
Let S ∈ Qε,thick(C). Loal oordinates near S are given by H1−(Sˆ, Σˆ,C), and µ is just Lebesgue
measure in this oordinates. Choose now a basis assoiated to the onguration C as above. It
follows from the papers [EMZ℄ and [MZ℄ that the measure dµ in Qε,thick(C) disintegrates as the
produt of the measure dµ′ on Q(α′) and the measure dνT on the spae of parameters T of the
ylinders:
dµ = M ′dµ′dνT
where M ′ denotes the number of ways to get a surfae S in Qε,thick(C) when the parameters of the
onguration are xed.
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Desription of the spae T of the ylinders
Roughly T is desribed by oordinates ±−→v , h1, . . . , hq, t1, . . . tq representing the width, the heights
and the twists of the ylinders, dened suh that hi + iti is the holonomy of the urve δi. The
problem here is that there might be an ambiguity for the hoie of this urve and so for the denition
of the twist. In the following we assume that the ylinders are horizontal, that is ±−→v represents the
horizontal diretion in the surfae S. First note that despite the fat that the surfae have a non
trivial holonomy, for a given onguration C it is possible to hoose an orientation for eah ylinder,
for example by hoosing an oriented path overing the graph representing the onguration. So in
eah ylinder we have a notion of bottom, up, left and right. Reall that thin ylinders are the one
with eah of their boundaries formed by a single saddle onnetion of holonomy ±−→v , and so there
is only one singularity on eah of their boundaries. For these ylinders we an dene the twist and
the height of the ylinder as usual: starting from the only one singularity on the bottom of the
ylinder, draw a vertial segment going up and ending at a point P on the upper boundary of the
ylinder. The length of this segment denes the height of the ylinder. Starting from the point P
and following the boundary in the right horizontal diretion, we meet the singularity on the upper
boundary of the ylinder, whih is at distane t from P , and t denes the twist of the ylinder
(0 ≤ t < |−→v |). The next piture shows a partiular ase where the twist is ambiguous for a thik
ylinder.
no ambiguity ambiguity
For the thik ylinders, we an dene their twist as follows: for suh a ylinder, if one of its
boundaries ontains two distint singularities (reall that the singularities are labelled), then hoose
the one of the smaller index. We have now in eah ase one distinguished singularity on eah of
the two boundaries. Consider the shortest geodesi segments joining these two singularities (there
might be two suh segments). Then their vertial oordinates oinide and dene the height h of
the ylinder, and their horizontal oordinate oinide modulo
2|−→v |
ot
, where ot = |Γup| ∨ |Γdown|, and
Γup (resp. Γdown) is the group of symmetries of the upper (resp. lower) boundary. In general for
ylinders appearing in a onguration the orders of these groups are 1 or 2, so ot is equal to 1 or
2. In the example of the gure above, we have |Γdown| = 2, |Γup| = 1 so ot = 2. So we dene
the twist as the value t ∈
[
0, 2|
−→v |
ot
)
equal to the horizontal oordinates redued modulo
2|−→v |
ot
. This
denition will be interesting in the ase of general ylinders, that is, ylinders whih do not appear
neessarily in a onguration, that are used to ompute volumes of strata (f  4.3).
We have
dνT = dhol(γˆ)dhol(δˆ1) . . .dhol(δˆq).
Denote n(q) the number of the yles γ, δ1, . . . , δq in H1(S,Σ,Z) that are not homologous to 0
in H1(S,Σ,Z). Taking are of the normalization (Convention 2) we get:
dνT = Mc · d−→v dh1 . . . dhqdt1 . . .dtq (3.7)
with Mc = 4
n(q)
.
Note that with our hoie of the basis, δ1, . . . , δq are always non homologous to zero. And γ
is homologous to zero if and only if the assoiated graph of the onguration is of type a in the
lassiation of Masur and Zorih (Figure 3 in [MZ℄): in this ase a vertex orresponding to a
ylinder is separating the graph, and the boundary of any ylinder in the onguration onsists of
a single saddle onnetion (

homologous to γ). So we have:
Mc =
{
4q if C is of type a
4q+1 otherwise
(3.8)
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We hoose to enumerate the ylinders suh that the q1 rst ylinders have a waist urve of
holonomy ±−→v and the q2 remaining ylinders have a waist urve of holonomy ±2−→v .
Consider now T ε1 the spae of parameters of the ylinders with the additional onstraint that
the sum of the area of the

homologous ylinders is normalized (i.e. equal to 1/2) and that |v| is
bounded by ε. Then the one C(T ε1 ) underneath T ε1 is given by the following equations:
|v|
(
q1∑
k=1
hk + 2
q2∑
k=1
hq1+k
)
≤ 1
2
(3.9)
|v| ≤ ε
√√√√2|v|
(
q1∑
k=1
hk + 2
q2∑
k=1
hq1+k
)
(3.10)
Computation of c(C)
The volume of T ε1 is given by:
Vol(T ε1 ) = dimR(T )νT (C(T ε1 )) = 2(q + 1)νT (C(T ε1 ))
with
νT (C(T ε1 )) =
∫
C(T ε1 )
dνT
and dνT given by (3.7). Note that the measure d
−→v on Dε/± disintegrates into w · dw · dθ on
[0, ε]× [0, π], and that integrating the measure of the twists dt1 . . .dtq on [0, w)q1 ×
q∏
i=q1+1
[
0,
2w
oti
)
gives a fator
2q2
Mt
wq, with
Mt =
q∏
i=q1+1
oti , (3.11)
so we get:
νT (C(T ε1 )) = Mcπ
2q2
Mt
∫ ε
2
0
wq+1dw
∫
R
q
+
χ
{
w
2ε2
≤ h ≤ 1
2w
}
dh1 . . . dhq.
With the following hanges of variables h′q1+k = 2hq1+k we obtain:
νT (C(T ε1 )) =
Mc
Mt
π
∫ ε
2
0
wq+1dw
∫
R
q
+
χ
{
w
2ε2
≤ h′ ≤ 1
2w
}
dh1 . . . dh
′
q.
with
h′ =
q1∑
i=1
hi +
q2∑
i=1
h′q1+i.
Using the fat that ∫
R
q
+
χ
{
a ≤
q∑
i=1
hi ≤ b
}
dh1 . . . dhq =
1
q!
(bq − aq),
sine it is the dierene of the volumes under two simplies in Rq, we obtain after omputation:
νT (C(T ε1 )) =
Mcπε
2
Mt2q+1
q
(q + 1)!
Thus:
Vol(T ε1 ) =
Mcπε
2
Mt2q(q − 1)! .
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We assume now that Q(α′) is non empty, that is, the onguration C is not made only by
ylinders. Let S′ ∈ Q1(α′), then the resaled surfae rSS′ where 0 < rS ≤ 1 has area r
2
S
2 . We
dene Ω(ε, rS) to be the subset of T formed by the ylinders resaled suh that gluing them to rSS′
after performing the appropriate surgeries gives a surfae S ∈ C(Qε1(C)). Note that the possible
variations of area arising when performing the surgeries on rSS
′
are negligible ([EMZ℄ and [MZ℄).
By denition Ω(ε, rS) is exatly formed by the resaled surfaes rTT where 0 < rT ≤ 1,
r2T + r
2
S ≤ 1, and T ∈ T ε˜1 , with ε˜ = ε
√
r2S + r
2
T . So we have, denoting Cusp(ε) = Vol(T ε1 ),
νT (Ω(ε, rS)) =
∫ √1−r2
S
0
r2nT−1T Cusp
(
ε˜
rT
)
drT
=
Mcπ
Mt2q(q − 1)!
∫ √1−r2
S
0
r2nT−1T ε
2 r
2
S + r
2
T
r2T
drT
with nT = dimC(T ) = q + 1, whih simplies:
νT (Ω(ε, rS)) =
Mcπε
2
Mt2q(q − 1)!
∫ √1−r2
S
0
r2q−1T (r
2
S + r
2
T )drT . (3.12)
After omputation, we obtain:
νT (Ω(ε, rS)) =
Mcπε
2
Mt2q+1(q + 1)!
(1− r2S)q(r2S + q).
Now if Ms denote the number of ways to obtain a surfae S ∈ C(Qε1(C)) by gluing rTT ∈ Ω(ε, rS)
to rSS
′ ∈ Q(α′) (see (3.18)), the total measure of the one C(Qε1(C)) is:
µ(C(Qε1(C))) = MsVol(Q1(α′))
∫ 1
0
r2nS−1S νT (Ω(ε, rS))drS
=
MsMcVol(Q1(α′))πε2
Mt2q+1(q + 1)!
∫ 1
0
r2nS−1S (r
2
S + q)(1 − r2S)qdrS︸ ︷︷ ︸
I
(3.13)
An easy reurrene or a hange of variables gives the following lemma:
Lemma 4.
J(a, q) =
∫ 1
0
r2a+1(1− r2)qdr = 1
2
q!a!
(a+ q + 1)!
We reognize
I = J(nS , q) + qJ(nS − 1, q).
After simpliation we get:
I =
(q + 1)!(nS − 1)!
2(nS + q + 1)!
(nS + q).
So, denoting M =
MsMc
Mt
we obtain:
µ(C(Qε1(C))) = Mπε2Vol(Q1(α′))
(nS − 1)!(nS + q)
2q+2(nS + q + 1)!
As we have
VolQε1(C) = dimR(Q(α))µ(C(Qε1(C)))
it follows from the denition of the SiegelVeeh onstant that:
c(C) = M dimC(Q(α)) (nS − 1)!(nS + q)
2q+2(nS + q + 1)!
VolQ1(α′)
VolQ1(α) .
Reall that dimCQ(α) = dimCQ(α′) + dimC T = nS + q + 1. We obtain nally the formula (3.1)
of Theorem 8.
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Computation of carea(C)
Here we want to ompute carea(C), so we have to ount surfaes with weight the area of ylinders
with waist urve smaller than ε, by denition. Note that, sine there are q1 ylinders of waist urve
of length w = |−→v | and q2 of waist urve of length 2w, if w ≤ ε2 (when the area is renormalized),
all ylinders ount (with weight their area), and if
ε
2 ≤ w ≤ ε, only the thin ylinders ount (with
weight their area). Equation (3.10) ontains two ases
w = |v| ≤ ε
2
√
2area
and
ε
2
√
2area ≤ w ≤ ε
√
2area
of dierent weights. So the domain of integration of C(T ε1 ) splits into two parts as shown in the
following piture.
2w
ε2
w
2ε2
1
2w
all
ylinders
ount
1/ε
1/2ε
h
wε/2 ε
only the q1 small
ylinders ount
This gives the following weight funtion:
W area(w, hi) =


χ
{
2w
ε2
≤ h ≤ 1
2w
}
+
∑q1
i=1 hi
h
χ
{
w
2ε2
≤ h ≤ 2w
ε2
}
if w ≤ ε
2∑q1
i=1 hi
h
χ
{
w
2ε2
≤ h ≤ 1
2w
}
if
ε
2
≤ w ≤ ε
with
h =
q1∑
k=1
hk + 2
q2∑
k=1
hq1+k.
Now the weighted volume of T ε1 is given by:
Volarea(T ε1 ) = dimR(T )νareaT (C(T ε1 )) = 2(q + 1)νareaT (C(T ε1 ))
with
νareaT (C(T ε1 )) =
∫
C(T ε1 )
W area(|−→v |, hi)dνT
and dνT given by (3.7).
Following step by step the omputations of the last paragraph, using the same hange of vari-
ables, we have
νareaT (C(T ε1 )) =
Mc
Mt
π
[∫ ε
2
0
wq+1dw
∫
R
q
+
(
χ
{
2w
ε2
≤ h′ ≤ 1
2w
}
+
∑q1
i=1 hi
h′
χ
{
w
2ε2
≤ h′ ≤ 2w
ε2
})
dh1 . . .dh
′
q
+
∫ ε
ε
2
wq+1dw
∫
R
q
+
∑q1
i=1 hi
h′
χ
{
w
2ε2
≤ h′ ≤ 1
2w
}
dh1 . . .dh
′
q
]
.
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with
h′ =
q1∑
i=1
hi +
q2∑
i=1
h′q1+i.
Note that, sine the variables hi play symmetri roles, we have:
∫
R
q
+
∑q1
i=1 hi∑q
i=1 hi
χ
{
a ≤
q∑
i=1
hi ≤ b
}
dh1 . . . dhq =
q1
q
∫
R
q
+
χ
{
a ≤
q∑
i=1
hi ≤ b
}
dh1 . . . dhq.
So omputations are similar to the previous ones, and we obtain:
Volarea(T ε1 ) =
Mcπε
2
Mt2q+2q!
(4q1 + q2).
Assume that Q(α′) is not empty. Now in (3.12) we have to multiply the integrand by the ratio of
the area of the ylinders by the total area of the surfae
r2T
r2
S
+r2
T
. We obtain:
νareaT (Ω(ε, rS)) =
Mcπε
2(4q1 + q − 2)
Mt2q+2q!
∫ √1−r2
S
0
r2q+1T drT =
Mcπε
2(4q1 + q2)
Mt2q+2q!
(1− r2S)q+1
2(q + 1)
.
Then:
µarea(C(Qε1(C))) = M VolQ1(α′)
πε2(4q1 + q2)
2q+3(q + 1)!
∫ 1
0
(1− r2S)q+1r2nS−1S drS .
Using again Lemma 4 we obtain:
µarea(C(Qε1(C))) = M VolQ1(α′)
πε2(4q1 + q2)
2q+4
(nS − 1)!
(nS + q + 1)!
.
So at the end we have:
carea(C) = M 4q1 + q2
2q+4
(dimCQ(α′)− 1)!
(dimCQ(α)− 1)!
VolQ1(α′)
VolQ1(α) . (3.14)
Comparing to equation (3.1) and (3.2) we obtain the relation (3.3), whih ends the proof of
Theorem 8.
Speial ase
Assume that Q(α′) is empty that is, the onguration is made only by ylinders. This arises only
on strata Q(−14), Q(2,−12) and Q(2, 2). Then the omputations are muh easier. Indeed we have
in this ase
VolQε1(C) = Vol T ε1 =
Mcπε
2
Mt2q(q − 1)!
and
VolareaQε1(C) = Volarea T ε1 =
Mcπε
2
Mt2q+2q!
(4q1 + q2)
so
c(C) = Mc
Mt2q+1(q − 1)! VolQ1(α) (3.15)
carea(C) = 1
q
ccyl(C) =
4q1 + q2
4q
c(C) (3.16)
sine the ratio of the area of the ylinders over the total area is 1.
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3.3.4 Volume of the boundary strata
Consider a strata Q(α) = ∏mi=1Q(αi) of disonneted at surfaes. Following the notations of
[AEZ1℄ and generalizing the result of 4.4 we obtain the following lemma:
Lemma 5.
VolQ1(α) = 1
2m−1
∏
(dimCQ(αi)− 1)!
(dimCQ(α)− 1)!
m∏
i=1
VolQ1(αi)
We also have the following relation between hyperboloids in the Abelian strata:
Lemma 6.
VolH1/2(α) = 2dimCH(α)VolH1(α)
So the nal formula for a boundary strataQ(α′) =∏H(αi)∏Q(βj) (m onneted omponents)
is:
carea(C) = M 4q1 + q2
2m+q+3
∏
i(ai − 1)!2ai VolH1(αi)
∏
j(bj − 1)! VolQ1(βj)
(dimCQ(α)− 1)! VolQ1(α) (3.17)
where ai = dimCH(αi) and bj = dimCQ(βj).
3.3.5 Evaluation of Ms
The general formula for Ms is given by:
Ms =
K
|Γ(C)| (3.18)
For eah surfae Si in the prinipal boundary, the number of geodesi rays oming from a boundary
singularity on Si an be read on the loal ribbon graph representing Si: eah boundary singularity
is represented by a onneted omponent of the loal ribbon graph, summing the orders kij along
this onneted omponent gives the number of geodesi rays emerging form this singularity. If the
surfae as several boundary singularities, then one has to multiply the number of geodesi rays
obtained for eah of them, to get the ombinatorial onstant responsible for the gluing of Si in the
onguration. Multiply the numbers obtained for eah Si to get the nal ombinatorial onstant
K.
Γ(C) denotes the symmetries of the onguration C generalising the stratum interhange and
the yli symmetry in the Abelian ase. We will expliit this group in the partiular ases that
we study.
3.4 Strata Q(1k,−1l), with k − l = 4g − 4 ≥ 0
The strata Q(1k,−1l) are partiularly interesting for two reasons. First, they orrespond to strata
of maximal dimension at genus and number of poles xed. Seond, their boundary strata belong
to the same family, so that gives reursion formulae for SiegelVeeh onstants and volumes.
The strata Q(12,−12) and Q(14) are hyperellipti and will be studied in  4.2. In the general
ase there are only four types of ongurations, so we give here their omplete desription and
apply the formula for the SiegelVeeh onstant carea(C) to eah of them.
3.4.1 Congurations
Proposition 6. There are only four types of ongurations whih ontain ylinders for strata
Q(1k,−1l), they are desribed in Figure 3.1.
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Congurations with ylinders Boundary strata
General ongurations for g ≥ 1
C1(k1, l1)
11 00 {1k2 ,−1l2−1}{1k1 ,−1l1−1}

l1 + l2 − 2 = l
k1 + k2 + 2 = k
k1 − l1 = 4g1 − 4
k2 − l2 = 4g2 − 4
ki ≥ 0, li ≥ 1, (ki, li) 6= (1, 1)
Qg1(1k1 ,−1l1) and
Qg2(1k2 ,−1l2), for
g1 + g2 = g
C2 1
1
0
0
{1k−2,−1l}
Qg−1(1k−2,−1l+2),
for k ≥ 2
C3
1 0{1k−3,−1l}
0
0 1 1
H(0),
Qg−1(1k−3,−1l+1)
for k ≥ 3
C4
1 0{1k−1,−1l−2}
0
0
Qg(1k−1,−1l−1)
for l ≥ 2
Additional ongurations for g = 1, 2
Q(12,−12)
0
0
0
0
11
H(0)
Q(14)
1 1 0
0
∅ ∅
0
0 1 1
H(0),H(0)
Figure 3.1: Congurations ontaining ylinders for strata Q(1k,−1l), with kl = 4g − 4 and g ≥ 1.
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Proof. We reall that graphs representing ongurations are lassied by Theorem 2 in [MZ℄.
Then the proof is based on the observation that there not many ways to reate zeroes of order 1
or poles (see also Lemma 7 in  3.5). We reall that the order of a newborn zero is given by the
formula
∑
(ki+1)− 2 where the ki are the order of the boundary singularities along the boundary
omponent of the ribbon graph that orresponds to the newborn zero (see paragraph 1.4 of [MZ℄
for more details), and we have ki ≥ 0. A boundary omponent admits at least one boundary
singularity. So there is only one possibility for a pole: there is only one boundary singularity,
whih is equal to 0. For a zero of order 1 there are 3 possibilities:
• One boundary singularity of order 2
• Two boundary singularities of order 1 and 0
• Three boundary singularities of order 0
The rst ase is realizable when the global graph representing the onguration ontain a loop
with only one vertex. But in this ase we an see that either there will be an other newborn zero
of higher order, or there will be no ylinders in the onguration. The third ase an be also be
eliminated beause a boundary omponents with exatly three boundary singularities arise only
around a vertex of type +3.1 in the graph, and the parities of the boundary singularities in this
ase are odd.
So the only remaining possibility is the seond one. We an reformulate this disussion by
saying that there is only one way to get a one angle 3π: one has to glue a one angle π with a
one angle 2π. Looking arefully at all the ways to have boundary singularities of order 1 or 0 in
the loal ribbon graphs and the onsequene on the boundary omponents in the global graph, we
redue the ase to only two possibilities: the boundary singularity of order 0 arises only as one
angle around points on the boundary of a ylinder, and the one of order 1 arises either by reating
a hole adjaent to a pole in a surfae of non trivial holonomy (i.e. for verties of type −1.1 and
−2.2), or by breaking up a marked point on a surfae of trivial holonomy (i.e. for verties of type
+2.1). Note that the last surgery reates two points of one angle π, so gluing eah of them to a
ylinder will reate two newborn zeroes.
This situation is resumed in the following pitures (Figure 3.2).
1 0
0 0 11
Figure 3.2: Newborn zeroes of order 1
For a pole, similar onsiderations give that there is only one way to get a pole (and not reating
zeroes of order ≥ 2), by pinhing the boundary of a ylinder (Figure 3.3).
0 0
Figure 3.3: Newborn poles
Note that, sine the interior singularities are zeroes of order 1 or poles, the only boundary strata
are H(0) and Q(1K ,−1L).
These remarks allow us to eliminate most of the ongurations, and to keep only the four
possible types of ongurations desribed on Figure 3.1.
The following tabular details the boundary strata (exept H(0)) of a stratum in genus 2.
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Number of poles
0 1 2 3 4 5 6
G
e
n
u
s 0 × × × × Q(−14) Q(1,−15) Q(12,−16)
1 × × Q(12,−12) Q(13,−13) Q(14,−14) Q(15,−15) Q(16,−16)
2 Q(14) Q(15,−1) Q(16,−12) Q(17,−13) Q(18,−14) Q(19,−15) Q(110,−16)
Stratum Boundary strata
In general, the boundary strata of Q(1k,−1l) are those of same genus with at most l− 1 poles,
those of lower genus with at most l + 2 poles, and H(0).
Note that, in this list, all values of volumes in genus 0 are known (f [AEZ1℄), and (4.5) gives
the values of volumes for the rst entries in genus 1 and 2 (hyperellipti ase).
3.4.2 SiegelVeeh onstants
Theorem 9. Let d = 2g−2+k+ l = 12 (k+ l) be the omplex dimension of the stratum Q(1k,−1l).
The SiegelVeeh onstants assoiated to the four ongurations desribed in Figure 3.1 are the
following:
If (k1, l1) = (k2, l2):
carea(C1(k1, l1)) = 1
8
((d1 − 1)!)2
(d− 1)!
VolQ1(1k1 ,−1l1)2
VolQ1(1k,−1l)
Otherwise:
carea(C1(k1, l1)) = 1
4
(d1 − 1)!(d2 − 1)!
(d− 1)!
VolQ1(1k1 ,−1l1)VolQ1(1k2 ,−1l2)
VolQ1(1k,−1l)
where di = dimCQ(1ki ,−1li) = 12 (3ki + li).
carea(C2) = 2
(d− 3)!
(d− 1)!
VolQ1(1k−2,−1l+2)
VolQ1(1k,−1l)
carea(C3) = π
2
3
(d− 5)!
(d− 1)!
VolQ1(1k−3,−1l+1)
VolQ1(1k,−1l)
carea(C4) = 1
2
(d− 3)!
(d− 1)!
VolQ1(1k−1,−1l−1)
VolQ1(1k,−1l)
If all the four ongurations appear in a stratum Q(1k,−1l), then the SiegelVeeh onstant for
the whole stratum is given by:
carea(Q(1k,−1l)) =
∑
admissible (k1,l1)
k(k − 1)
(
k − 2
k1
)(
l
l1 − 1
)
carea(C1(k1, l1))
+
(
k
2
)
carea(C2) + 1
2
k(k − 1)(k − 2)carea(C3) +
(
k
1
)(
l
2
)
carea(C4)
For the additional ongurations in genera 1 and 2, see  4.2.2.
Proof. For eah onguration we ompute the ombinatorial data and apply equation (3.17).
a. Conguration 1 (Figure 3.4):
We have the following ombinatorial data for this onguration:
• Mc = 41, Mt = 1
• Ms = 1|Γ| with |Γ| = 2 if (k1, l1) = (k2, l2), |Γ| = 1 otherwise
• q1 = 1, q2 = 0
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11 00
Q(1k2 ,−1l2)
{1k2 ,−1l2−1}{1k1 ,−1l1−1}
Q(1k1 ,−1l1)
Figure 3.4: Congurations C1(k1, l1) for Q(1k,−1l) in genus g ≥ 1
• dimCQ(1ki ,−1li) = 2gi − 2 + ki + li = 12 (3ki + li)
Applying Theorem 8 we get:
carea(C1(k1, l1)) =
4
|Γ|
4
26
(3k1+l12 − 1)!(3k2+l22 − 1)! VolQ1(1k1 ,−1l1)VolQ1(1k2 ,−1l2)
(3k+l2 − 1)! VolQ1(1k,−1l)
Taking are of the numbering of the zeroes, there are
(
k
1
) × (k−11 ) × (k−2k1 )× ( ll1−1) = k(k −
1)
(
k−2
k1
)× ( ll1−1) ongurations C1(k1, l1).
b. Conguration 2 (Figure 3.5):
1
1
0
0
{1k−2,−1l}
Q(1k−2,−1l+2)
Figure 3.5: Conguration C2 for Q(1k,−1l) in genus g ≥ 1 and k ≥ 2
The ombinatorial data are:
• Mc = 42, Mt = 1
• Ms = 1/|Γ| = 1
• q1 = 1, q2 = 0
• dimCQ(1k−2,−1l+2) = 2g + k + l − 4
We get:
carea(C2) = 42 4
25
(2g + k + l − 5)! VolQ1(1k−2,−1l+2)
(2g + k + l − 3)! VolQ1(1k,−1l)
Taking are of the numbering of the zeroes, there are
(
k
2
)
ongurations C2.
. Conguration 3 (Figure 3.6):
1 0{1k−3,−1l}
Q(1k−3,−1l+1) H(0)
0
0 1 1
Figure 3.6: Conguration C3 for Q(1k,−1l) in genus g ≥ 1 and k ≥ 3
The ombinatorial data are:
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• Mc = 42, Mt = 1
• Ms = 2/|Γ| = 1 beause of the involution of H(0).
• q1 = 0, q2 = 1
• dimCQ(1k−3,−1l+1) = 2g + k + l − 6
• VolH1/2(0) = 4pi
2
3
We obtain:
carea(C3) = 42 1
26
(2g + k + l − 7)! VolQ1(1k−3,−1l+1)(2− 1)! VolH1/2(0)
(2g + k + l − 3)! VolQ1(1k,−1l)
=
π2
3
(2g + k + l − 7)! VolQ1(1k−2,−1l+2)
(2g + k + l− 3)! VolQ1(1k,−1l)
Taking are of the numbering of the zeroes, there are
(
k
1
)× (k−12 ) = 12k(k − 1)(k − 2) ong-
urations C3.
d. Conguration 4 (Figure 3.7):
1 0{1k−1,−1l−2}
Q(1k−1,−1l−1)
0
0
Figure 3.7: Conguration C4 for Q(1k,−1l) in genus g ≥ 1 and l ≥ 2
The ombinatorial data are:
• Mc = 42, Mt = 1, Ms = 1
• q1 = 0, q2 = 1
• dimCQ(1k−1,−1l−1) = 2g + k + l − 4
Theorem 8 gives:
carea(C4) = 42 1
25
(2g + k + l − 5)! VolQ1(1k−1,−1l−1)
(2g + k + l − 3)! VolQ1(1k,−1l)
Taking are of the numbering of the zeroes, there are
(
k
1
)× (l2) ongurations C4.
After simpliation of the formulae we obtain the results of Theorem 9.
3.5 Geometry of ongurations ontaining ylinders
This setion develops the quadrati version of some geometri results on ongurations, proven in
the Abelian ase in [BG℄.
3.5.1 Variants of SiegelVeeh onstants
The result (3.3) of Theorem 8 an be interpreted as follows: the ratio
carea(C)
ccyl(C) represents the mean
area of a ylinder in onguration C. It does not depend on the onguration, but only on the
dimension of the stratum. Summing on all ongurations in a stratum we get a result of Vorobets
(Theorem 1.6 in [Vo℄).
We introdue variants of SiegelVeeh onstants whose ratios admit a geometri interpretation.
Some of them were introdued by Vorobets.
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We dene NA1≥p(S, C, L) (resp. NA≥p(S, C, L)) that ounts ongurations C on S only if the
area of a xed ylinder (resp. all ylinders) lled at least proportion p of the area of the entire
surfae. As before we denote
c∗(C) = lim
L→∞
N∗(S, C, L) · (Area of S)
πL2
the assoiated SiegelVeeh onstants.
We give the analogue of Theorems 4 and 5 of [BG℄. Proofs are very similar to the Abelian ase
so we keep them short.
We introdue the inomplete Beta funtion
B(x;n, q) =
∫ x
0
un−1(1− u)q−1du
and the Beta funtion B(n, q) = B(1;n, q). It is a standard fat that
B(x;n, q) = B(n, q)
n+q−1∑
k=n
(
n+ q − 1
k
)
xk(1− x)n+q−1−k.
Theorem 10. Let C be an admissible onguration for a onneted stratum Q(α) of quadrati
dierentials. Let q denote the total number of ylinders. Assume that the boundary stratum Q(α′)
is non empty, and q ≥ 1. Then the ratios of SiegelVeeh onstants assoiated to C are the following:
cA>p(C)
c(C) =
B(1 − p;nS, q)
B(nS , q)
(3.19)
cA1>p(C)
c(C) = (1− p)
dimCQ(α)−2
(3.20)
The rst ratio an be interpreted as the probability for the ylinders to ll a large part of the
area of the surfae, and the seond ratio the probability for a distinguished ylinder to ll a large
part of the area of the surfae. Note that the rst ratio depends on the number of ylinders q in
the onguration, as the seond ratio depends only of the dimension of the stratum.
Proof. We begin with the proof of (3.19). We follow step by step the omputations of  3.3.3. The
value of Cusp(ε) does not hange. The only adjustment to made is that the area of the surfae
rTT whih we glue to rSS
′
has to satisfy r2T > p(r
2
T + r
2
S), whih is equivalent to rT >
√
p
1−prS .
So (3.12) beomes
νA>pT (Ω(ε, rS)) =
Mcπε
2
Mt2q(q − 1)!
∫ √1−r2S
√
p
1−p rS
r2q−1T (r
2
S + r
2
T )drT .
and using the onstraint r2T + r
2
2 ≤ 1 we obtain the following bound on rS : rS ≤
√
1− p, so (3.13)
beomes
µA>p(C(Qε1(C))) =
M Vol(Q1(α′))πε2
2q+1(q + 1)!
∫ √1−p
0
r2nS−1S
∫ √1−r2
S
√
p
1−p rS
r2q−1T (r
2
S + r
2
T )drT drS︸ ︷︷ ︸
Ip
Using an appropriate hange of variables as the Abelian ase, we reognize
Ip =
B(1− p;nS , q)
4(nS + q + 1)
where B(1− p;nS, q) is the inomplete Beta funtion. Comparing the result to (3.1) we get (3.19).
Now we ompute cA1>p(C): we have the same onstraints as before, plus the additional on-
straint that the rst ylinder lls at least part p of the area of the surfae. This aets the alulus
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of the usp. Note that a ylinder in S ∈ Q1(α) lls at least part p of the surfae if it lls at least
part a = p · r2S+r2T
r2
T
in the spae of the ylinders T1. So we have to replae Cusp(ε) by
CuspA1>a(ε) = 2(q + 1)νA1>pT (C(T ε1 ))
= 2(q + 1)
Mc
Mt
π
∫ ε
2
0
wq+1dw
∫
R
q
+
χ
{
w
2ε2
≤ h′ ≤ 1
2w
}
χ{h1 ≥ ah′}dh1 . . .dh′q.
Using the hange of variables h′1 = h1 − ah we get:
CuspA1>a(ε) = Cusp(ε) · (1− a)q−1
Note that if we hoose another ylinder, the omputations are exatly the same, even if it is a thik
ylinder. Finally (3.13) beomes
µA1>p(C(Qε1(C))) =
M Vol(Q1(α′))πε2
2q+1(q + 1)!
·
∫ √1−p
0
r2nS−1S
∫ √1−r2S
√
p
1−p rS
r2q−1T (r
2
S + r
2
T )
(
1− p · r
2
S + r
2
T
r2T
)
drTdrS︸ ︷︷ ︸
I′p
and we get
I ′p =
(1− p)nS+q−1
4(nS + q + 1)
·B(n, q).
Comparing the result to (3.1) we get (3.20).
3.5.2 Maximal number of ylinders
Congurations of quadrati dierentials in genus 0 are detailed in [AEZ1℄. They ontain at most
one ylinder. The following proposition gives the maximal number of ylinders in a onguration
in higher genus.
Proposition 7. Consider a stratum Q(α) in genus g ≥ 1, with α = (4l1, . . . , 4lm, 4k1+2, . . . , 4kn+
2, b1, . . . , bp,−1k), and li ≥ 0, ki ≥ 0, bi odd. First assume that 2n+
p∑
i=1
bi − k + 4 ≥ 0, then the
maximal number of

homologous ylinders satises:
qmax(α) = ⌊n
2
⌋+m+ εα,
where εα ∈ {0, 1, 2}.
Without this assumption, the maximal number of

homologous ylinders is given by:
qmax(α) = max{card I +
cardJ
2
; I ⊂ {1, . . . ,m}, J ⊂ {1, . . . n}, cardJ even,
4
∑
i∈I
li + 4
∑
j∈J
kj + 2n+
p∑
k=1
bk + 4− k ≥ 0}+ εα
To prove this proposition we will need the following lemma:
Lemma 7. Odd zeroes are reated by surfaes of non trivial holonomy ⊖ or by loops in the graphs
of ongurations. At most four newborn odd zeroes an be reated in a onguration.
Proof. Sine the zeroes on whih we perform surgeries on surfaes of non trivial holonomy ⊖ are of
any order (even or odd), it is easy to see that we an obtain any parity order for newborns zeroes
reated by surfaes ⊖.
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This is not the ase of surfaes ⊕. In fat, a newborn zero represented in the graph by a
boundary of a ribbon graph whih frames a hain of surfaes ⊕ (as in the piture below) surrounded
by surfaes⊕ or ylinders has always an even order. This is due to the fat that we perform surgeries
suh as reating a hole on surfaes of trivial holonomy, so on singularities of one angle 2kπ. If
we glue all these surfaes identifying all boundary singularities, then the new one angle is also
multiple of 2π, so the newborn zero is of even order. Boundary types involved in these hains are
◦2.2, +2.1, +2.2, +3.2a, +3.2b, +3.3, +4.2a, +4.3a, +4.4.
Then we just have to look at the remaining ases, namely, graphs ontaining surfaes of bound-
ary type ◦3.2 ◦4.2, +3.1, +4.1a, +4.1b, +4.2b, +4.2c, +4.3b. Then one an see ase by ase that
if the ribbon graph is loally as on the piture above, one or two odd zeroes are reated (one an
replae the surfae ⊕ by a ylinder ◦).
As an example, Figure 3.3 represents how poles are reated by loops in the graph of the
onguration.
Proof of Proposition 7. This result is a orollary of the lassiation of ongurations of

homologous
ylinders by Masur and Zorih (Figure 3 in [MZ℄). Eah onguration is represented by a graph
with one, two or three hains of surfaes ⊕ (with trivial linear holonomy) and ylinders ◦ (see also
 3.2.3 for more details about these graphs). Then there are some remarks:
• A surfae ⊕ of type +2.1 (f Figure 6 in [MZ℄) in a hain is surrounded by at most two
ylinders. In that ase if there is no interior singularity it reates a newborn zero of order
4g = k1 + k2 + 2, where g is the genus of the boundary strata H
(
k1+k2−2
2
)
(k1 and k2 are
odd).
0 0
∅
k1
k2
H (k1+k2−22 )
• A surfae ⊕ of type +2.2 in a hain is surrounded by at most two ylinders and in that ase
if there is no interior singularity it reates two newborn zeroes of order k1 and k2 (even) with
k1 + k2 = 4g where g is the genus of the boundary strata H
(
k1−2
2 ,
k2−2
2
)
0 0
∅
k1 k2
H (k1−22 , k2−22 )
• By Lemma 7, at most 4 zeros of odd order an be realized as newborn zeroes (reated by
loops in the graph of the onguration or by surfaes ⊖), the others are neessarily interior
singularities (of surfaes ⊖).
• Realizing zeroes as newborn zeroes instead of interior singularities inreases the number of
ylinders.
First we assume that 2n +
∑p
i=1 bi − k + 4 ≥ 0. One proedure to onstrut the onguration
ontaining the most ylinders is the following: we onsider all zeroes of order 4l and realize them
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as newborn zeroes with a surfae of type +2.1 as desribed above. Then we onsider the other
even zeroes and realize them by pairs as newborn zeroes with surfaes of type +2.2 as desribed
above. At this stage we obtain a hain of m + ⌊n2 ⌋ surfaes with a ylinder between eah surfae⊕. We onsider the remaining zeroes (at most one even zero and all the odd zeroes). If there are
at least 5 odd zeroes, we have to hoose graph a), b) or c) following notations of Figure 6 in [MZ℄
to omplete your onguration. If not, we an hoose graph c), d) or e). In all ases we will get
at most 2 additional ylinders, by looking arefully at all possible ongurations depending on the
number of odd/even zeroes and poles.
In the general ase, we have to hoose arefully the even zeroes that we realize as newborn zeroes.
Indeed all remaining zeroes should be produed by another surfae of non-negative genus in a
boundary strata. This ondition implies that we an hoose to realize zeroes of orders 4li or pairs of
zeroes 4kj1+2, 4kj2+2 with i ∈ I and j1, j2 ∈ J while 4
∑
i∈I li+4
∑
j∈J kj+2n+
∑p
k=1 bk+4−k ≥ 0.
This explains the general formula for the maximal number of ylinders.
We are interested in the asymptoti geometry of ongurations, in partiular when the genus
or the number of zeroes tends to innity, so we will onsider q˜max(α) = qmax(α) − εα instead of
qmax(α), to simplify the omputations.
As a orollary of Proposition 7 we obtain that the strata maximizing the number of ylinders
at genus xed are the ones with the most even zeroes:
Corollary 2. Fix the genus g ≥ 1 and the number of poles k. Denote Π(4g − 4 + k) the set of
partitions α of 4g − 4 + k, and l = ⌊k4 ⌋. Then:
max
α∈Π(4g−4+k)
q˜max(α ∪ {−1k}) = g + l − 1
and the maximum is realized for α ∈ Πk′⊔Π4,2(4g−4+4l), where k = 4l+k′ and Π4,2(4g−4+4l)
denotes the set of partitions of 4g − 4 + 4l using only 4 and 2.
Reall that the mean area of a ylinder is given by
1
dimCQ(α)− 1 (f Theorem 8), so
qmax(α)
dimC(Q(α)) − 1
represents the maximum mean total area of the ylinders in stratum Q(α). As another orollary
of Proposition 7, we obtain Proposition 5.
3.5.3 Congurations with simple surfaes
This setion provides an answer in the quadrati ase to the following question of Alex Eskin and
Alex Wright: for a given stratum or a onneted omponent of a stratum is it possible to nd an
admissible onguration whose boundary surfaes are only tori ?
Lemma 7 gives the main obstrution to solve this problem in the quadrati ase: odd zeroes are
reated by surfaes of non trivial holonomy ⊖ or by loops in graphs of ongurations, and there are
at most two surfaes of non trivial holonomy or two loops in a onguration. That means that a
strata with enough odd zeroes will never have a onguration with only tori as boundary surfaes.
The seond obstrution is that, as in the ase of abelian dierentials, there is no way to have a
deomposition into simple surfaes in hyperellipti omponents of strata, sine they are made from
at most two surfaes and ylinders (f [Bo℄ and  4.2).
Considering these two obstrutions (odd zeroes and hyperellipti omponents), we an formulate
the following result, whih is very similar to the ase of Abelian dierentials (f [BG℄).
Proposition 8. Let Qcomp(α1, . . . , αs) be a onneted omponent of a stratum of quadrati dier-
entials, whih is not hyperellipti. If all the αi are even then there exists a onguration in this
omponent ontaining only tori and ylinders.
Proof. Denote n the number of zeroes of order 4k+2 and m the number of zeroes of order 4k. As
in the ase of abelian dierentials, we just look at what type of zeroes an be reated by hains of
tori and ylinders. We obtain the same type of zeroes as in the ase of Abelian dierentials.
For the rst type represented in the piture above, the one angle around the singularity is also
2(2k + 1)π so we obtain a zero of order 4k.
Zeroes of the seond type represented are of order 4k + 2 sine the one angle is (4k + 4)π.
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0
1
1 1
1
1
1
0
0
1
1 1
1
1
1 2 2
2 2 1
1 1
1
1
1 2 2
Finally zeroes of the third type are of order 4k + 4.
With these hains we an easily onstrut a bigger hain that realizes all zeroes. It remains to
embed this hain in a graph of onguration. We an see that if there is at least two zeroes of
order greater than 4, or if there is at least one zero of order greater than 8, then we an embed
this hain in the graph e) with loal ribbon graph of type +4.2a.
Sine Q(4) is empty, it remains only strata Q(2, 2, . . . , 2), whih is realizable with a graph of
type e) and a loal ribbon graph of type ◦4.2, by example.
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Chapter 4
Volumes of strata or omponents of
strata of quadrati dierentials
This hapter orresponds to the seond part of a preprint titled
SiegelVeeh onstants and volumes of strata of moduli spaes of quadrati dierentials.
This part details ertain ases where we an nd a losed formula for the volume of a stratum or
a onneted omponent of a stratum. In genus 0 the volumes of strata are omputed by Athreya,
Eskin and Zorih (Theorem 1.6. of [AEZ1℄). In higher genus, no losed formula is urrently known,
even though some alulations are possible using [EOk2℄ and [EOPa℄.
The two ases where we an nd expliit formulae for the volumes are the hyperellipti om-
ponents, using the known volumes in genus 0, and the strata of omplex dimension smaller than
5, using tehniques developed by Zorih in [Zo3℄, and by Athreya, Eskin and Zorih in [AEZ2℄.
Note that in all these ases, we obtain a formula:
VolQ1(α) = r · π2geff , r ∈ Q,
whih is expeted to be general. Here geff = gˆ − g where gˆ is the genus of the double over Sˆ.
In these two ases, we apply our previous results and ompute SiegelVeeh onstants for the
entire omponents or for the entire strata, using values of SiegelVeeh onstants for ongurations.
We hoose in purpose examples where we know the values of SiegelVeeh onstants in order to
show that the results are oherent.
4.1 Volumes of hyperellipti omponents
We begin with hyperellipti omponents of strata: the values of their volumes are easier to ompute
sine they are related to values of volumes in genus 0, whih are omputed in [AEZ1℄.
4.1.1 Volumes of hyperellipti omponents of strata of quadrati dier-
entials
The strata of the moduli spaes of quadrati dierentials have one or two onneted omponents:
for genus g ≥ 5 there are two omponents when the stratum ontains a hyperellipti omponent (f
[La2℄). For genus g ≤ 4 some strata are hyperellipti and onneted (f [La1℄): namely Q(12,−12)
and Q(2,−12) in genus 1, Q(14), Q(2, 12), and Q(2, 2) in genus 2. For these strata and for
hyperellipti omponents of strata in higher genus the volume is easier to ompute. We explain
here the general strategy to ompute these volumes, that we apply in setion 4.2.
Proposition 9. The volumes of hyperellipti omponents of strata of quadrati dierentials are
given by the following formulae:
79
80 CHAPTER 4. VOLUMES OF STRATA
• First type (k1 ≥ −1 odd, k2 ≥ −1 odd, (k1, k2) 6= (−1,−1)):
If k1 6= k2:
VolnumbQhyp1 (k21 , k22) =
2d
(d)!
πd
k1!!
(k1 + 1)!!
k2!!
(k2 + 1)!!
(4.1)
Otherwise:
VolnumbQhyp1 ((g − 1)4) =
3 · 22g+2
(2g + 2)!
π2g+2
(
(g − 1)!!
g!!
)2
(4.2)
• Seond type (k1 ≥ −1 odd, k2 ≥ 0 even):
VolnumbQhyp1 (k21 , 2k2 + 2) =
2d
(d)!
πd−1
k1!!
(k1 + 1)!!
k2!!
(k2 + 1)!!
(4.3)
• Third type (k1, k2 even):
VolnumbQhyp1 (2k1 + 2, 2k2 + 2) =
2d+1
(d)!
πd−2
k1!!
(k1 + 1)!!
k2!!
(k2 + 1)!!
(4.4)
where d = k1 + k2 + 4 is the omplex dimension of the strata.
Example 1. For the ve strata that are onneted and hyperellipti we obtain:
VolQ1(12,−12) =
π4
3
= 30ζ(4) VolQ1(14) =
π6
15
= 63ζ(6) (4.5)
VolQ1(2,−12) =
4π2
3
= 8ζ(2) VolQ1(2, 12) =
2π4
15
= 12ζ(4) (4.6)
VolQ1(2, 2) =
4π2
3
= 8ζ(2) (4.7)
For an alternative omputation of some of these volumes using graphs, see setion 4.7.
Proof. By Convention 3 we ompute volumes of strata with numbered zeroes. We denoteVolnumbQ(α)
the volume of the strata Q(α) when the zeroes are numbered and VolunnumbQ(α) when they are
not. We have the following relation:
VolnumbQ1(dα11 , dα22 , . . . , dαmm ) =
α1!α2! . . . αm!
|Γ(α)| Vol
unnumbQ1(dα11 , dα22 , . . . , dαmm )
where Γ(α) denotes the group of possible symmetries of all surfaes in the stratum Q(α).
We reall here the three types of strata that ontain hyperellipti omponents (f [La1℄):
• First type:
Qhypg (k21 , k22) pi // Q0(k1, k2,−12g+2)
for k1 ≥ −1 odd, k2 ≥ −1 odd, (k1, k2) 6= (−1,−1), g = 12 (k1 + k2) + 1. The ramiation
points are 2g + 2 poles. Note that for ki = −1 there are 2g + 3 poles and
(
2g+3
1
)
hoies for
the over, so in that ase π is (2g + 3) : 1.
• Seond type:
Qhypg (k21 , 2k2 + 2) pi // Q0(k1, k2,−12g+1)
for k1 ≥ −1 odd, k2 ≥ 0 even, g = 12 (k1 + k2 + 3). The ramiation points are 2g + 1 poles
and the zero of order k2. Note that for k1 = −1 there are 2g+2 poles and
(
2g+2
1
)
hoies for
the over, so in that ase π is (2g + 2) : 1.
• Third type:
Qhypg (2k1 + 2, 2k2 + 2) pi // Q0(k1, k2,−12g)
for k1, k2 even, g =
1
2 (k1 + k2) + 2. The ramiation points are over all the singularities.
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Exept the speial ases, π is always 1 : 1.
We introdue the following notation for the general ase:
Qhyp(α) pi−→
I:1
Q(β)
with α = (dα11 , . . . , d
αn
n ) and β = (d˜
β1
1 , . . . , d˜
βm
m ).
Let d = dimCQ(β) be the omplex dimension of the stratum that we onsider.
Reall that, by denition, the volume of the hyperboloid of surfaes of area equal to 1/2 is given
by the volume of the one underneath times the real dimension of the stratum:
VolQ1(β) = 2d ·Vol{S ∈ Q(β), area(S) ≤ 1/2}
Let S be a point in Q1(β), and let S′ be one of the I possible lifts π∗(S). As S is of area 1/2,
S′ is of area 1 so belongs to Qhyp2 (α). So the one underneath Q1(β) is in 1 : I orrespondene
with the one underneath Qhyp2 (α). Now we want to ompare the volume elements of Qhyp(α) and
Q(β). So we have to understand how the lattie (H−1 (Sˆ, Σˆ;Z))∗C is lifted by π and ompare it with
the lattie (H−1 (Sˆ
′, Σˆ′;Z))∗
C
.
For the rst type we have the following ommutative diagram:
Hg+1(k1 + 1, k2 + 1)

H2g+1((k1 + 1)2, (k2 + 1)2)oo

Q0(k1, k2,−12g+2) Qhypg (k21 , k22)piI:1oo
On S ∈ Q0(k1, k2,−12g+2) we onsider the saddle onnetions dened by taking a broken line
joining all the singularities exept one pole, as in the piture above, suh that a joins the two zeroes,
b joins a zero to a pole, and ai, bi join the remaining poles exept the last one, for i going from
1 to g. Then aˆ, bˆ, aˆ1, . . . , bˆg is a primitive basis of H
−
1 (Sˆ, Σˆ;Z) (f Lemma 3). On the other hand
onsider the saddle onnetions on Qhypg (k21 , k22) onstruted using a, b, a1, . . . bg in the following
way: for all ai and bi and for b, take the ombination of the two lifts by π to obtain primitive yles
Ai, Bi, and B in H1(S
′,Σ′,Z). Take only one of the two preimages of a to get a primitive yle A.
Then Aˆ, Bˆ, Aˆ1, . . . , Bˆg dene a primitive basis of H
−
1 (Sˆ
′, Σˆ′;Z) (same arguments as in Lemma 3).
Q(β)
H(β′)
Qhyp(α)
H(α′)
π
σd σu
s
ai
b
a
aˆi
bˆ
aˆ
Ai
B
A
Aˆi
Bˆ
Aˆ
On the piture σu and σd are the involutions of the double overs and s is the hyperellipti
involution.
In this loal oordinates volume elements are given by:
dνdown = daˆ dbˆ daˆ1 . . . dbˆg = 2
2dda db da1 . . .dbg
and
dνup = dAˆdBˆ dAˆ1 . . . dBˆg = 2
2ddAdB dA1 . . .dBg
with dA = π∗(da), dB = 4π∗(db), dAi = 4π∗(dai) and dBi = 4π∗(dbi).
So we obtain the following relation between the volume elements:
dνup = 2
2d−2π∗(dνdown)
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Same onsiderations for the two other types give the same result.
So now we have all the elements to ompute the relation betweenVolnumbQ1(β) andVolnumbQhyp1 (α):
VolnumbQhyp1 (α) =
α1! . . . αn!
|Γhyp(α)| Vol
unnumbQhyp1 (α)
=
α1! . . . αn!
|Γhyp(α)| · 2dVol
unnumb{S′ ∈ Qhyp(α), area(S′) ≤ 1/2}
=
α1! . . . αn!
|Γhyp(α)| · 2d ·
1
2d
Volunnumb{S ∈ Qhyp(α), area(S) ≤ 1}
=
α1! . . . αn!
|Γhyp(α)| · 2d ·
1
2d
· I · 22d−2Volunnumb{S ∈ Q(β), area(S) ≤ 1/2}
=
α1! . . . αn!
|Γhyp(α)| · I · 2
d−2VolunnumbQ1(β)
=
α1! . . . αn!
|Γhyp(α)| · I · 2
d−2 · |Γ(β)|
β1! . . . βm!
VolnumbQ1(β)
Note that, for the rst two types, the hyperellipti involution exhanges the zeroes whih are
preimages of the same zero downstairs. So for these types |Γhyp(α)| = 2. For the third type
|Γhyp(α)| = 1. Downstairs there is no symmetry for eah stratum that we onsider so |Γ(β)| = 1
for eah β.
The values of the volumes of strata of quadrati dierentials in genus 0 are given in [AEZ1℄,
Theorem 1.6:
VolQ1(d1, . . . , dn) = 2π2
n∏
i=1
v(di), (4.8)
with
v(n) =
n!!
(n+ 1)!!
· πn ·
{
π when n is odd
2 when n is even
for n ∈ {−1, 0} ∪ N and with
n!! = n(n− 2)(n− 4) · · · ,
by onvention (−1)!! = 0!! = 1.
In partiular we have:
• for the rst type (k1 ≥ −1 odd, k2 ≥ −1 odd, (k1, k2) 6= (−1,−1), d = 2g + 2):
VolnumbQ1(k1, k2,−1d) = 2πd k1!!
(k1 + 1)!!
· k2!!
(k2 + 1)!!
,
• for the seond type (k1 ≥ −1 odd, k2 ≥ 0 even, d = 2g + 1):
VolnumbQ1(k1, k2,−1d) = 4πd−1 k1!!
(k1 + 1)!!
· k2!!
(k2 + 1)!!
,
• for the third type (k1, k2 even, d = 2g):
VolnumbQ1(k1, k2,−1d) = 8πd−2 k1!!
(k1 + 1)!!
· k2!!
(k2 + 1)!!
.
So we obtain the result.
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4.1.2 Volumes of hyperellipti omponents of strata of Abelian dieren-
tials
Proposition 10. The volumes of hyperellipti omponents of strata of Abelian dierentials with
area 1/2 are given by the following formulae:
VolnumbHhyp1/2 (k − 1) =
2k+2
(k + 2)!
· (k − 2)!!
(k − 1)!! · π
k+1
(4.9)
VolnumbHhyp1/2
((
k
2
− 1
)2)
=
2k+3
(k + 2)!
· (k − 2)!!
(k − 1)!! · π
k
(4.10)
Proof. We reall here the two types of strata of Abelian dierentials that ontain hyperellipti
omponents (f [KZ℄):
• First type (g ≥ 2):
Hhyp(2g − 2) pi // Q(2g − 3,−12g+1)
• Seond type (g ≥ 2):
Hhyp((g − 1)2) pi // Q(2g − 2,−12g+2)
In both ases, π is an isomorphism. By onventions 2 and 1, the volume elements are hosen to be
invariant under this isomorphism, so we have:
VolunnumbHhyp1 (2g − 2) = VolunnumbQ1(2g − 3,−12g+1)
VolunumbHhyp1 ((g − 1)2) = VolunnumbQ1(2g − 2,−12g+2)
So onsidering the naming of the singularities we obtain:
VolnumbHhyp1 (2g − 2) =
1
(2g + 1)!
VolnumbQ1(2g − 3,−12g+1)
=
2
(2g + 1)!
· (2g − 3)!!
(2g − 2)!! · π
2g
VolnumbHhyp1 ((g − 1)2) =
2!
2
VolunnumbHhyp1 ((g − 1)2)
=
2
(2g + 2)!
VolnumbQ1(2g − 2,−12g+2)
=
8
(2g + 2)!
· (2g − 2)!!
(2g − 1)!! · π
2g
by plugging values of volumes given in (4.8). For the rst type, for k = 2g − 1 we have
dimCH(k − 1) = 2g = k + 1. For the seond type, for k = 2g we have dimCH
((
k
2 − 1
)2)
=
2g + 1 = k + 1. Finally, using Lemma 6 we obtain the result.
4.2 Coherene of the formulae for the hyperellipti ompo-
nents of strata
4.2.1 Congurations ontaining ylinders in hyperellipti omponents
The omplete list of all ongurations of

homologous saddle onnexions is desribed by C. Boissy
in [Bo℄. We extrat from this list the ongurations ontaining ylinders, and reall them on Figure
4.1.
The following proposition preise the boundary of the hyperellipti omponents of strata.
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Congurations with ylinders Boundary strata
Qhyp(k21 , k22), k1, k2 odd, (k1, k2) 6= (−1,−1)
C1
k1 k1
0
0
∅ ∅
0
0k2 k2
Hhyp(k1 − 1), Hhyp(k2 − 1)
C2(ki) ki
ki
0
0
{k2j}
Qhypg−1(k2j , (ki − 2)2)
Qhyp(k21 , 2k2 + 2), k1 odd and k2 even
C1
k1 k1
0
0
∅ ∅
0
0
k2
k2
Hhyp(k1 − 1), Hhyp(
(
k2
2 − 1
)2
)
C2
k2 k2
0
0
{k21}
Qhypg−1(k21 , 2k2 − 2)
C3 k1
k1
0
0
{2k2 + 2}
Qhypg−1(2k2 + 2, (k1 − 2)2)
Qhyp(2k1 + 2, 2k2 + 2), k1, k2 even
C1
k1
k1 0
0
∅ ∅
0
0
k2
k2
Hhyp((k12 − 1)2), Hhyp((k22 − 1)2)
C2(ki)
ki ki
0
0
{2kj + 2}
Qhypg−1(2kj + 2, 2ki − 2)
Additional ongurations
Qhyp(k2i , 2)
ki ki
0
0
∅ ∅
0
0
0
0
Hhyp(ki − 1)
Qhyp(2ki + 2, 2)
ki
ki 0
0
∅
0
0
0
0
Hhyp(( ki2 − 1)2)
Q(2, 2) 0
0 0
0
0
0
0
0
∅
Figure 4.1: Congurations ontaining ylinders for hyperellipti omponents of strata of quadrati
dierentials
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Proposition 11. Let S be a at surfae in a hyperellipti omponent of a stratum of quadrati dif-
ferentials Qhyp(α). Les γ be a olletion of homologous saddle onnexions realizing a onguration C
on the previous list (Figure 4.1). Then the two possible boundary omponents S1, S2 ∈ Q(α′1),Q(α′2)
of S are hyperellipti.
For every surfaes S1 ∈ Qhyp(α′1), S2 ∈ Qhyp(α′2), there is at least one way to assemble S1 and
eventually S2 following onguration C to obtain a hyperellipti surfae S.
Proof. If S ∈ Qhyp(α), following Lemma 10.3 of [EMZ℄, we may assume that the hyperellipti
involution xes eah boundary omponent. So it implies that S1 and S2 are also hyperellipti.
If S1 ∈ Qhyp(α′1) and S2 ∈ Qhyp(α′2), we an make the surgeries on the boundary surfaes in
suh a way that the new surfaes stay invariant under the hyperellipti involution (f  14 in [EMZ℄).
Then we onstrut an appliation on S that ats on eah boundary omponent as the hyperellipti
involution for the orresponding stratum and on the ylinder either by xing its boundaries and
rotating or by exhanging its two boundaries depending on the onguration C, in suh a way
that the global appliation is an involution of S. The ation of the hyperellipti involution on the
ongurations is detailed in [Bo℄.
4.2.2 SiegelVeeh onstants for ongurations in hyperellipti ompo-
nents
Note that the omplex dimension of any hyperellipti omponent is given by: dimCQhyp(k21 , 2k2+
2) = dimCQhyp(k21 , k22) = dimCQhyp(2k1 + 2, 2k2 + 2) = k1 + k2 + 4 =: d.
First reall that the onstants for the entire omponents are known ([EKZ2℄):
Lemma 8.
carea(Qhyp(α)) = k1 + k2 + 4
4π2
(
2 +
1
(k1 + 2)(k2 + 2)
)
(4.11)
for α = (k21 , k
2
2), α = (k
2
1 , 2k2 + 2) or α = (2k1 + 2, 2k2 + 2).
Proof. It is a diret onsequene of Corollary 3 in [EKZ2℄. We L− denote the sum of the Lyapunov
exponents λ−1 , . . . , λ
−
geff for the hyperellipti omponent Qhyp(α). Reall that by Theorem 1 of
[EKZ2℄, we have:
carea(Qhyp(α)) = 3
π2
(L− − I −K)
where
I =
1
4
∑
dj odd
1
dj + 2
, K =
1
24
∑
j
dj(dj + 4)
dj + 2
.
Corollary 3 in [EKZ2℄ gives the values of L− for hyperellipti omponents, that we reall here:
L− =
k1 + k2 + 4
4
(
1 +
1
(k1 + 2)(k2 + 2)
)
for Qhyp(k21 , k22)
L− =
k1 + k2 + 4
4
(
1 +
1
k1 + 2
)
for Qhyp(k21 , 2k2 + 2)
L− =
k1 + k2 + 4
4
for Qhyp(2k1 + 2, 2k2 + 2)
Now to ompute these onstants for eah onguration, we use the method desribed in  3.2.5,
we follow step by step the omputations of  3.3 and make only a few adjustments.
First the boundary of Qhyp(α) is desribed by Proposition 11 and onsists of hyperellipti
omponents of the boundary strata of Q(α), so Vol∗Qε1(comp, C) will be express in terms of∏
iVolQhyp(α′i). Seond we will have to take are of the symmetries indued by the hyperellipti
involution.
Finally we obtain the following variation of formula (3.17):
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carea(C) = M 4q1 + q2
2m+q+3
∏
i(ai − 1)!2ai VolHhyp1 (αi)
∏
j(bj − 1)! VolQhyp1 (βj)
(dimCQ(α) − 1)! VolQhyp1 (α)
(4.12)
where M = MsMcMt and Mc, Mt are given by (3.8) and (3.11), and Ms takes are of the hyper-
ellipti involution. It will be detailed for eah onguration in the following paragraphs.
Qhyp(k21 , k22), with k1 and k2 odd and (k1, k2) 6= (−1,−1)
Proposition 12. For the rst type of hyperellipti omponents, the SiegelVeeh onstants for the
ongurations desribed on Figure 4.1 are given by the following formulae:
carea(C1) =
k1 + k2 + 4
4(k1 + 2)(k2 + 2)π2
(4.13)
carea(C2(ki)) =
(k1 + k2 + 4)(ki + 1)
(k1 + k2 + 2)2π2
(4.14)
Moreover:
carea(Qhyp(k21 , k22)) = carea(C1) + carea(C2(k1)) + carea(C2(k2))
Example 2.
carea(Q(12, (−1)2)) = carea(C1) + carea(C2(1)) =
1
3π2
+
2
π2
=
7
3π2
carea(Q(14)) = carea(C1) + 2carea(C2(1)) = 1
6π2
+
3
π2
=
19
6π2
Proof. For eah onguration on the list (Figure 4.1) we apply the formula (4.12).
a. Conguration C1 for k1 ≥ 1, k2 ≥ 1:
0
0
0
0
k1
k1 k2
k2
Hhyp(k1 − 1) Hhyp(k2 − 1)
Figure 4.2: Conguration C1 for Qhyp(k21 , k22)
• Mc = 42, Mt = 1
• Ms =
4k1k2
|Γ| , |Γ| = 2 · 2 beause of the ation of the hyperellipti involutions on the two
boundary omponents.
• q1 = 0, q2 = 1, m = 2
• dimCH(ki − 1) = ki + 1
Applying formula (4.12) we get:
carea(C1) = 42k1k2
1
26
k1!k2! VolHhyp1/2 (k1 − 1)VolHhyp1/2 (k2 − 1)
(k1 + k2 + 3)!VolQhyp1 (k21 , k22)
Plugging values (4.9) and (4.1) of volumes we obtain (4.13).
Taking are of the numbering of the zeroes, there is only one suh onguration.
b. Conguration C1 for k1 ≥ 1, k2 = −1: it is a degeneration of the rst onguration:
• Mc = 42, Mt = 1
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0
0
0
0
k1
k1
Hhyp(k1 − 1)
Figure 4.3: Conguration Cdeg1 for Qhyp(k21 , (−1)2)
• Ms =
2k1
|Γ| , |Γ| = 2 (hyperellipti involution)
• q1 = 0, q2 = 1, m = 1
• dimCH(ki − 1) = ki + 1
Applying formula (4.12) we get:
carea(Cdeg1 ) = 42
2k1
2
1
25
k1! VolHhyp1/2 (k1 − 1)
(k1 + 2)!VolQhyp1 (k21 , (−1)2)
Plugging values (4.9) and (4.1) of volumes we obtain
carea(Cdeg1 ) =
k1 + 3
(k1 + 2)4π2
whih is equivalent to (4.13).
. Conguration C2(ki) for ki ≥ 1:
ki
ki 0
0{k2j }
Qhyp(k2j , (ki − 2)2)
Figure 4.4: Conguration C2 for Qhyp(k21 , k22)
• Mc = 42, Mt = 1
• Ms = ki. Here one we have hosen a diretion in whih we make the surgery for one of
the two zeroes of order ki − 2 of the boundary surfae, the diretion for the other zero
is determined by the hyperellipti involution.
• q1 = 1, q2 = 0, m = 1
• dimCQ(k2j , (ki − 2)2) = k1 + k2 + 2
Applying formula (4.12) we get:
carea(C2(ki)) = 42ki
4
25
(k1 + k2 + 1)!VolQhyp1 (k2j , (ki − 2)2)
(k1 + k2 + 3)!VolQhyp1 (k21 , k22)
Plugging values (4.1) of volumes we obtain (4.14).
For eah ki there is only one suh onguration.
Summing on all ongurations we nd the known value (8) for the entire hyperellipti omponent.
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Qhyp(k21 , 2k2 + 2) with k1 odd and k2 even
Proposition 13. For the seond type of hyperellipti omponents, the SiegelVeeh onstants for
the ongurations desribed on Figure 4.1 are given by the following formulae:
carea(C1) =
(k1 + k2 + 4)
(k1 + 2)(k2 + 2)4π2
(4.15)
carea(C2) = (k2 + 1)(k1 + k2 + 4)
2(k1 + k2 + 2)π2
(4.16)
carea(C3) = (k1 + 1)(k1 + k2 + 4)
2(k1 + k2 + 2)π2
(4.17)
Moreover if k2 6= 0:
carea(Qhyp(k21 , 2k2 + 2)) = carea(C1) + carea(C2) + carea(C3).
If k2 = 0 and k1 6= −1, for the additional onguration we have:
carea(Cadd) = 5(k1 + 4)
8(k1 + 2)π2
(4.18)
and we have:
carea(Qhyp(k21 , 2)) = carea(Cadd) + carea(C3).
For Q(2,−12), f § 4.2.3.
Example 3.
carea(Q(2, 12)) = carea(Cadd) + carea(C3) = 25
24π2
+
5
3π2
=
65
24π2
Proof. For eah onguration on the list (Figure 4.1) we apply the formula (4.12).
a. Conguration C1:
0
0
0
0
k1
k1
k2
k2
Hhyp(k1 − 1) Hhyp(
(
k2
2 − 1
)2
)
Figure 4.5: Conguration C1 for Qhyp(k21 , 2k2 + 2)
• Mc = 42, Mt = 2
• Ms = k1k2, same reasons as for the rst type.
• q1 = 0, q2 = 1, m = 2
• dimCH(k1 − 1) = k1 + 1, dimCH(
(
k2
2 − 1
)2
) = k2 + 1
Applying formula (4.12) we get:
carea(C1) = 42 k1k2
2
1
26
k1!k2! VolHhyp1/2 (k1 − 1)VolHhyp1/2 (
(
k2
2 − 1
)2
)
(k1 + k2 + 3)!VolQhyp1 (k21 , 2k2 + 2)
Plugging values (4.9), (4.10) and (4.3) of volumes we obtain (4.15).
There is only one suh onguration.
b. Conguration C2:
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k2 k2
0
0
{k21}
Qhyp(k21 , 2k2 − 2)
Figure 4.6: Conguration C2 for Qhyp(k21 , 2k2 + 2)
• Mc = 42, Mt = 1
• Ms =
2k2
|Γ| , |Γ| = 2.
• q1 = 1, q2 = 0, m = 1
• dimCQ(k21 , 2k2 − 2) = k1 + k2 + 2
Applying formula (4.12) we get:
carea(C2) = 42
2k2
2
4
25
(k1 + k2 + 1)!VolQhyp1 (k21 , 2k2 − 2)
(k1 + k2 + 3)!VolQhyp1 (k21 , 2k2 + 2)
Plugging values (4.3) of volumes we obtain (4.16). There is only one onguration of this
type.
. Conguration C3:
k1
k1 0
0{2k2 + 2}
Qhyp(2k2 + 2, (k1 − 2)2)
Figure 4.7: Conguration C3 for Qhyp(k21 , 2k2 + 2)
• Mc = 42, Mt = 1, Ms = k1
• q1 = 1, q2 = 0, m = 1
• dimCQ(2k2 + 2, (k1 − 2)2) = k1 + k2 + 2
Applying formula (4.12) we get:
carea(C3) = 42k1
4
25
(k1 + k2 + 1)!VolQ1(2k2 + 2, (k1 − 2)2)
(k1 + k2 + 3)!VolQ1(k21 , 2k2 + 2)
Plugging values (4.3) of volumes we obtain (4.17). There is only one onguration of this
type.
Summing on all the three ongurations we nd the known value (8) for the entire omponent.
d. For Qhyp(k21 , 2) there is an additional onguration:
• Mc = 43, Mt = 2, Ms = k1
• q1 = 1, q2 = 1, m = 1
• dimCH(k1 − 1) = k1 + 1
Applying formula (4.12) we get:
carea(Cadd) = 43 k1
2
4 + 1
26
k1! VolH1/2(k1 − 1)
(k1 + 3)!VolQ1(k21 , 2)
Plugging values (4.9) and (4.1) of volumes we obtain (13).
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0
0
0
0
k1
k1
0
0
Hhyp(k1 − 1)
Figure 4.8: Additional onguration for Qhyp(k21 , 2)
Qhyp(2k1 + 2, 2k2 + 2) with k1 and k2 even
Proposition 14. For the third type of hyperellipti omponents, the SiegelVeeh onstants for the
ongurations desribed on Figure 4.1 are given by the following formulae:
carea(C1) = k1 + k2 + 4
4(k1 + 2)(k2 + 2)π2
(4.19)
carea(C2(ki)) = (k1 + k2 + 4)(ki + 1)
2(k1 + k2 + 2)π2
(4.20)
Moreover:
carea(Qhyp(2k1 + 2, 2k2 + 2)) = carea(C1) + carea(C2(k1)) + carea(C2(k2))
If k2 = 0 and k1 6= 0:
carea(Cadd) = 5(k1 + 4)
8(k1 + 2)π2
(4.21)
and:
carea(Qhyp(2k1 + 2, 2)) = carea(C2(k1)) + carea(Cadd).
For Q(2, 2), f § 4.2.3.
Proof. For eah onguration on the list (Figure 4.1) we apply the formula (4.12).
a. Conguration C1:
0
0
0
0
k1
k1 k2
k2
Hhyp(( k12 − 1)2) Hhyp((k22 − 1)2)
Figure 4.9: Conguration C1 for Qhyp(2k1 + 2, 2k2 + 2)
• Mc = 42, Mt = 1, Ms = k1k2
• q1 = 0, q2 = 1, m = 2
• dimCH(
(
ki
2 − 1
)
) = ki + 1
Applying formula (4.12) we get:
carea(C1) = 42
k1k2
1
1
26
k1!k2! VolH1/2(
(
k1
2 − 1
)2
)VolH1/2(
(
k2
2 − 1
)2
)
(k1 + k2 + 3)!VolQ1(2k1 + 2, 2k2 + 2)
Plugging values (4.10) and (4.4) of volumes we obtain (4.19).
b. Conguration C2(ki):
• Mc = 42, Mt = 1, Ms = ki
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ki ki
0
0
{2kj + 2}
Qhyp(2kj + 2, 2ki − 2)
Figure 4.10: Conguration C2 for Qhyp(2k1 + 2, 2k2 + 2)
• q1 = 1, q2 = 0, m = 1
• dimCQ(2kj + 2, 2ki − 2) = k1 + k2 + 2
Applying formula (4.12) we get:
carea(C2) = 42ki
4
25
(k1 + k2 + 1)!VolQ1(2kj + 2, 2ki − 2)
(k1 + k2 + 3)!VolQ1(2k1 + 2, 2k2 + 2)
Plugging values (4.4) of volumes we obtain (4.20).
. For Qhyp(2ki + 2, 2) there is an additional onguration:
0
0
0
0
k1
k1 0
0
Hhyp((k12 − 1)2)
Figure 4.11: Additional onguration for Qhyp(2k1 + 2, 2)
• M = 43, Mt = 2, Ms = k1
• q1 = 1, q2 = 1, m = 1
• dimCH(
(
k1
2 − 1
)2
) = k1 + 1
Applying formula (4.12) we get:
carea(Cadd) = 43 k1
2
5
25
k1! VolH1/2(
(
k1
2 − 1
)2
)
(k1 + 3)!VolQ1(2k1 + 2, 2)
Plugging values (4.9) and (4.1) of volumes we obtain (14).
4.2.3 Speial ases: empty boundary stratum
The strata Q(2,−12) and Q(2, 2) have no boundary stratum (f 3.3.3), so their ongurations are
degenerations of the ongurations presented on the previous paragraph. With Q(−14) they are
the only strata with an empty boundary stratum.
Note that furthermore they are onneted.
Stratum Q(2,−12)
This stratum is hyperellipti of seond type with k2 = 0 and k1 = −1.
Reall the value of the volume omputed in (4.6):
VolQnum1 (2,−12) =
4
3
π2.
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0
00
0
Figure 4.12: The only onguration ofQ(2,−1,−1) ontaining ylinders, and its topologial piture
For an alternative omputation of this volume using graphs, see setion 4.7.1.
The only one onguration is a degeneration of the onguration of Figure 4.8, shown in Figure
4.12.
We have the following onguration data:
• Mc = 43 , Mt = 2
• q1 = 1 = q2
In this ase we have to use a variation of the main formula, given by equation (3.16), we obtain:
carea(C) =
1
2
43
4 + 1
25(2)! VolQ1(2,−12)
=
5
2VolQ1(2,−12)
The onguration ounts only one, so with the omputed value of the volume it gives:
carea(Q1(2,−12)) =
15
8π2
whih is the known value of carea(Q(2,−12))
Stratum Q(2, 2)
This stratum is hyperellipti of the third type with k1 = k2 = 0.
Reall the value of the volume omputed in (4.7):
VolQnum1 (2, 2) =
4
3
π2.
There is only one onguration shown on Figure 4.13.
0
0
0
0
0
0
0
0
Figure 4.13: Conguration C for Q(2, 2)
Data:
• Mc = 44, Mt = 2
• q1 = 2, q2 = 1
• dimCQ(2, 2) = 4
Equation (3.16) gives:
carea(C) =
1
2
44
4 · 2 + 1
26(3)! VolQ(2, 2)
=
3
VolQ1(2, 2)
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The onguration ounts only one, so with the omputed value of the volume it gives:
carea(Q(2, 2)) =
9
4π2
whih is the known value for the stratum.
4.3 Volumes of strata of omplex dimension smaller than 5
For strata of omplex dimension d ≤ 5, we an use the ideas developed by Eskin and Okounkov in
[EOk1℄, Zorih in [Zo4℄, Athreya Eskin and Zorih in [AEZ2℄, and ompute volumes by ounting
integer points in the stratum.
The relation between volume and number of integer points is given in  2.3 of [AEZ2℄:
Proposition 15 (Athreya-Eskin-Zorih).
VolQ1(α) = 2d · lim
N→∞
N−d ·
(Number of integer points of area at most N/2 in Q(α)) (4.22)
Here we reall briey the tehniques of Athreya, Eskin and Zorih to ount integer points (or
square-tiles surfaes, or pillowase overs) in genus 0, and explain how generalize them to genus
g > 0.
A at surfae (S, ω) orresponding to an integer point, i.e. a point in the lattie (H−1 (Sˆ, Σˆ;Z))
∗
C
in loal oordinates, an be deomposed into horizontal ylinders with half-integer or integer widths,
with zeroes and poles lying on the boundaries of these ylinders, that are alled singular layers
in [AEZ2℄. Eah layer denes a ribbon graph (graph with a tubular neighbourhood inside the
surfae), alled map in ombinatoris. A zero of order di belonging to a layer orresponds to a
vertex of valeny di + 2 in the assoiated graph, and edges of the graph emerging from this vertex
orrespond to horizontal rays emerging from the zero in the surfae. The graph is metri: edges
have half-integer lengths. A ribbon graph or a map arries naturally a genus: it is the minimal
genus of the surfae in whih it an be embedded. So a ribbon graph assoiated to a singular
layer in S has a genus lower or equal to the genus g of S. Also a ribbon graph has some faes
orresponding to the onneted omponents of its omplementary in the minimal surfae in whih
it an be embedded. In our ase faes orrespond to ylinders emerging from the layer. In genus 0
eah fae orresponds to a distint ylinder, in higher genus some ylinders may have both of their
boundaries glued to the same layer. For a ribbon graph Γ we have the Euler relation:
χΓ = 2− 2gΓ = VΓ − EΓ + FΓ
where gΓ is the genus of Γ, VΓ, EΓ and FΓ the number of respetively verties, edges and faes of
Γ. In the gure below we represent the two maps with one 4-valent vertex: one is of genus 0 and
has 3 faes, the other is of genus 1 and has 1 fae.
genus 0 genus 1
=
We enode the deomposition of the surfae S into horizontal ylinders in a supplementary
graph T , by representing eah singular layer by a point in this graph and eah ylinder emerging
form a layer by an edge emerging form the orresponding vertex. So a layer with k faes orresponds
to a k-valent vertex in T . We reord also the information on the order of the zeroes lying in eah
layer, and on the genus of the ribbon graph: that gives a deoration of the graph T . For surfaes
S of genus 0 this graph is a tree.
As an example we onsider a surfae in Q(2, 12) represented by the following graph:
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1(1, 1)
w1
w2
0(2)
l4
l3
l5
l2 l1
On the left we gure the graph T . The lower vertex represents a ribbon graph of genus 1 with
two zeroes of order 1 (two 3-valent verties): the orresponding layer is drawn on the right. The
higher vertex orresponds to the ribbon graph of genus 0 with one 4-valent vertex (zero of order
2) drawn on the right. The width wi of the ylinders and the lengths li of the edges of the ribbon
graphs are also reorded.
Below is a at representation of a surfae orresponding to the onguration desribed above.
1
2 1
3 4 5 3 4 5
Note that the genus of S is the sum of the genera of the verties of T , and the genus reated
by loops in the graph T : namely, the dimension of the homology of the graph T . In the example,
the surfae is of genus 2.
Note also that horizontal ylinders in S whih are homologous to 0 orrespond to separating
edges on the graph T . It will be useful beause with Convention 2, the width w of a ylinder is
an integer if its waist urve is homologous to 0, and half-integer otherwise. In the example w1 is
integer and w2 half-integer (furthermore here w1 is neessarily equal to 2w2).
We have to hoose the li suh that the length of the boundaries of the faes of the ribbon graphs
Γj orrespond to the wk. In the example we have neessarily w2 = l1 = l2 and w1 = 2l1 = 2w1 =
2(l3+ l4+ l5). So we have only one hoie for l1 and l2 and exatly
∑w1−2
i=1 (i− 1) = (w1−2)
2
2 hoies
for (l3, l4, l5) (see also Lemma 9), beause with the onvention 2, w2 is an integer and the li are
half-integer.
To ount surfaes of area lower than N/2 orresponding to lattie points, we have to sum on the
possible graphs T and on the possible orresponding layers Γ, the number of distint at surfaes
of this ombinatorial type. So for a xed graph T and xed layers Γi we have to ount the number
of twists tj , widths wi, heights hi and lengths of saddle onnexions li satisfying the ombinatorial
onguration, and suh that the area w · h = ∑iwihi is lower or equal to N/2. More preisely
by (4.22) we have to get the asymptoti of this number as N goes to innity. In the example all
the li are half-integer, h1, t1, h2, t2 also beause they are oordinates of saddle onnexions that are
non homologous to zero, w2 is half-integer and w1 is integer. Twists t1 and t2 take respetively
2w1 and 2w2 half-integer values. We have already seen that the li take
(w1−2)2
2 values (with the
ondition w1 = 2w2). So we want to nd the asymptoti of∑
w1h1+w2h2≤N/2
w1∈N,
w2,h1,h2∈N/2
2w12w2
(w1 − 2)2
2
1{w1=2w2} =
∑
w(h1+2h2)≤N/2
w∈N,h1,
h2∈N/2
8w2
(2w − 2)2
2
Remark that sine we want only the term of higher order in N we just need to take the term of
higher order in wi, so we an replae
(2w−2)2
2 by
(2w)2
2 = 2w
2
. In general the asymptoti for suh
sums is given by Lemma 3.7 of [AEZ2℄. For this partiular ase, it is given by Lemma 11, and we
obtain
N5
10 (32ζ(4)− 33ζ(5)).
This approah is somehow limited beause we need to known all the ribbon graphs of a ertain
type and the number of these ribbon graphs inreases fast as the dimension of the stratum grows.
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So we apply this method to strata of omplex dimension d ≤ 5, using the omplete desription of
ribbon graphs with at most 5 edges given in [JV℄: reall that a zero of order di orresponds in the
ribbon graph to a vertex with di + 2 adjaent edges, so the maximal number of edges of a ribbon
graph in a strata Q(d1, . . . , dn) is∑n
i=1 di
2
= 2g − 2 + n = dimCQ(d1, . . . , dn).
In genus 0, Athreya, Eskin and Zorih were able to ompute the volumes of all strata of type
Q(1K ,−1K+4) with this method beause they used a formula whih gives diretly the number of
ways the ylinders of widths wi an be glued at a vertex j of a tree T . This formula was dedued
from a formula of M. Kontsevih by a reurrene on the number of poles. The formula of Kontsevih
works also for higher genus, but for distint widths wi, and sine ylinders an form some loops in
the surfae, it is not obvious to get a general formula for the higher genus ase, even for the strata
Q(1k,−1l).
Convention 4. In the following we write the half-integers in lower ase and the integers in apitals.
4.4 First example: Q(5,−1)
For this stratum, the SiegelVeeh onstant carea(Q(5,−1)) is known, f Theorem 9.1. in [CM℄.
We ompute the volume of this stratum following the method desribed in setion 4.3. We evaluate
also all ombinatorial parameters appearing in (3.1), and so we hek formula (3.1) in this ase.
4.4.1 Volume of Q(5,−1)
We use here the method desribed in  4.3 to ompute by hands the volume of Q(5,−1). In this
ase, there are only two possible graphs T , and for eah graph, only two possible layers. This
gives four ongurations (note that here we do not speak about ongurations of

homologous
ylinders, but about ongurations of horizontal ylinders for integer surfaes in the stratum).
The omputations of the asymptotis are detailed in the setion 4.8.
• Conguration 1:
0
w1 w2
l2 l4
l3
l1
Figure 4.14: Conguration 1
Convention 2 implies that all parameters wi, hi, ti, li are half-integers. The possible lengths
of the waist urves of the ylinders are l3, l4, l2 + 2l1 and l2 + l3 + l4. Sine l2 + l3 + l4 > l3
and l2 + l3 + l4 > l4 we should have l3 = l4 and l2 + 2l1 = l2 + 2l3:{
w1 = l3 = l4
w2 = l2 + 2l1 = l2 + 2l3
There is one way to nd suh (l1, l2, l3, l4), if 2w1 < w2. The ontribution to the ounting for
this onguration is:∑
(w1h1+w2h2)≤N/2
4w1w2(1{2w1<w2}) =
∑
(W1H1+W2H2)≤2N
W1W2(1{2W1<W2})
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0
w1 w2
l2
l3
l4
l1
Figure 4.15: Conguration 2
• Conguration 2:
All parameters are half-integers. The possible lengths for the waist urves of the ylinders
are l4, l3 + l4 , l2 + l3 and l2 + 2l1. Sine l3 + l4 > l4 and the situation{
l4 = l2 + 2l1
l3 + l4 = l2 + l3
is impossible, the only remaining ase is:{
w1 = l4 = l2 + l3
w2 = l3 + l4 = l2 + 2l1
.
This implies that l3 = l1 and there is only one way to nd suh li, but only if w1 < w2 < 2w1.
The ontribution to the ounting is:∑
(w1h1+w2h2)≤N/2
4w1w2(1{w1<w2<2w1}) =
∑
(W1H1+W2H2)≤2N
W1W2(1{W1<W2<2W1})
Summing the ontributions of the 2 rst ongurations gives:∑
(W ·H)≤2N
W1W2(1{2W1<W2} + 1{W1<W2<2W1}) =
∑
W.H≤2N
W1W21{W1<W2}
∼ 1
2
(2N)4
4!
(ζ(2))2 =
N4(ζ(2))2
3
• Conguration 3:
1
w
l3
l2
l1
l4
Figure 4.16: Conguration 3
All parameters are half-integers. The two lengths are 2l1 +2l2 + l3 and l3 +2l4 so we should
have l4 = l2 + l1 in order that the two are equal. Then we searh the number of (l1, l2, l3)
suh that w = l3 + 2(l1 + l2). It is a polynomial of w with leading term
1
4
(2w)2
2
=
w2
2
.
The ontribution to the ounting is:
∑
wh≤N/2
2
w3
2
=
∑
WH≤2N
(
W
2
)3
∼ 1
8
(2N)4
4
ζ(4) =
ζ(4)
2
N4
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1
w
l3
l1
l4
l2
Figure 4.17: Conguration 4
• Conguration 4:
All parameters are half integers. The lengths for the waist urves are 2l1 + l2 + l3 and
2l4+ l2+ l3, so we have l1 = l4. The number of solutions of w = 2l1+ l2+ l3 is approximately
1
2
(2w)2
2
= w2.
The ontribution to the ounting for this onguration:
∑
wh≤N/2
2w3 =
∑
WH≤2N
2
(
W
2
)3
= 2
1
8
(2N)4
4
ζ(4) = ζ(4)N4.
• Total:
The sum of the 4 ontributions is:
N4
(
(ζ(2))2
3
+
3
2
ζ(4)
)
=
7π4N4
2 · 33 · 5
We obtain:
VolQ(5,−1) = dimRQ(5,−1) 7
2 · 33 · 5π
4 =
22 · 7
33 · 5π
4
4.4.2 SiegelVeeh onstant
For this strata, the value of the Siegel-Veeh onstant is known:
careaQ(5,−1) = 15
7π2
.
There is only one onguration C ontaining ylinders, f Figure 4.18. To understand how to read
the graph orresponding to the onguration, see  3.2.3.
0
0
00
1
1
H(0)
Figure 4.18: The only onguration of Q(5,−1) ontaining ylinders, and its topologial piture
For this onguration, we take the family of urves as in § 3.3.2, f Figure 4.19. We evaluate
the ombinatorial onstants that appear in (3.17).
First we an see that all yles in the family {γ, δ} are not homologous to zero in H1(S, {Pi},Z).
Thus Mc = 4
2
.
There is only one thin ylinder so Mt = 1.
The surgery applied to the marked point on the torus belonging to the prinipal boundary
stratum H(0) is of type +4.1a (loal onstrution). There are 2 geodesis rays oming from
this point. But hoosing either of the geodesi rays do not hange the onguration beause the
involution of the torus exhanges these two rays, so Ms =
2
|Γ| = 1.
We have the following ombinatorial data:
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Figure 4.19: Family of urves assoiated to the onguration
• dimCH(0) = 2,
• dimCQ(5,−1) = 4,
• VolH1(0) = pi23 ,
• q1 = 1, q2 = 0.
Applying formula (3.17) we get :
carea(C) = 42
4
25
(2 − 1)!22π2/3
(4− 1)! VolQ(5,−1).
So:
carea(C) =
22π2
32VolQ1(5,−1)
The value of the volume omputed in the previous setion is VolQ1(5,−1) =
22 · 7
33 · 5π
4
, it gives:
carea(C) =
15
7π2
,
whih oinides with value of Theorem 9.1. in [CM℄.
4.5 Seond example: Q(3,−13)
This stratum is also non-varying so the SiegelVeeh onstant for the entire stratum is known (f
[CM℄), and it is of omplex dimension 4, whih allows a omputation of the volumes by ounting
graphs.
4.5.1 Volume
As previously we ompute the volume of this stratum using the method desribed in  4.3.
• Conguration 1
0
w l1
l3
l2
l4
Figure 4.20: Conguration 1
All parameters are half-integers. The onstraints are given by: w = l3 + 2l4 = l3 + 2l1 + 2l2.
There are ∼ 14 (2w)
2
2 =
w2
2 hoies for the li. There are 6 ways to give name to the poles. The
ontribution to the ounting is
6
∑
w.h≤N/2
2w
w2
2
= 6
∑
WH≤2N
(
W
2
)3
∼ 3
4
(2N)4
4
ζ(4) = 3ζ(4)N4
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• Conguration 2
0
0
w1
w2
l3
l4
l2
l1
Figure 4.21: Conguration 2
The parameter w1 = W1 is an integer and all remaining parameters are half-integers. Note
that here there are 3 ways to give names to the poles. The equations{
w2 = l2 = l3
W1 = 2l1 + l2 + l3 = 2l4
have one solution if W1 > 2w2.
The ontribution of this onguration is:
3
∑
W1h1+w2h2≤N/2
2w12w21{W1>2w2} = 6
∑
2W1H1+W2H2≤2N
W1W21{W1>W2}
• Conguration 3
0
0
w1
w2
l1
l4
l3
l2
Figure 4.22: Conguration 3
The parameter w1 = W1 is an integer and all remaining parameters are half-integers. Note
that here there are 3 ways to give names to the poles.
Two ribbon graphs are possible for the seond layer:
1
22 1
2
2
For the rst ribbon graph, the equations{
W1 = 2l4 = l1 + l2
w2 = l1 = l2 + 2l3
have one solution if w2 < W1 < 2w2.
For the seond ribbon graph, the equations{
W1 = 2l4 = l1
w2 = l2 + 2l3 = l2 + l1
have one solution if W1 < w2.
The total number of solutions is then:
1{w2<W1<2w2} + 1{W1<w2} = 1{W1<2w2} − 1{W1=w2}︸ ︷︷ ︸
negligible
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This gives a ontribution:
3
∑
W1h1+w2h2≤N/2
2w12w21{W1<2w2} = 6
∑
2W1H1+W2H2≤2N
W1W21{W1<W2}
Summing the ontributions of ongurations 2 and 3 we get:
6
∑
2W1H1+W2H2≤2N
W1W2 =
1
4
6
∑
W ·H≤2N
W1W2 ∼ 3
2
(2N)4
4!
(ζ(2))2 =
5N4
2
ζ(4)
• Conguration 4
1
0
w
l4
l3
l1
l2
Figure 4.23: Conguration 4
The parameter w = W is an integer and all remaining parameters are half-integers. Note
that here also there are 3 ways to give name to the poles.
The onstraints are:
W = 2l4 = 2(l1 + l2 + l3)
So there are ∼ W 22 ways to hoose (l1, . . . , l4).
The ontribution of this onguration is:
3
∑
W.h≤N/2
2W
W 2
2
= 3
∑
WH≤N
W 3 ∼ 3N
4
4
ζ(4)
• The sum of all ontributions is 25N44 ζ(4) so it gives
VolcompQ(3,−13) = 50ζ(4) = 5π
4
9
4.5.2 SiegelVeeh onstant
The stratum Q(3,−13) is non-varying, so the value of the sum of the Lyapunov exponents λ+ of
the invariant subbundle H1+ of the Hodge bundle over the stratum along the Teihmüller ow is
given in [CM℄: L+ = 25 . By the Eskin-Kontsevih-Zorih formula ([EKZ2℄) we obtain
carea(Q(3,−13)) = 9
5π2
.
There are two ongurations for this stratum.
a. Conguration C1:
The ombinatorial data for this onguration are:
• Mc = 42, Ms = 1, Mt = 1
• q1 = 1, q2 = 0
• dimCQ(3,−13) = 4
• dimCQ(−14) = 2.
• VolQ1(−14) = 2π2 ([AEZ1℄)
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0 1
0
0
{−13}
Q(−14)
Figure 4.24: Conguration C1 of Q(3,−1,−1,−1) ontaining ylinders, and its topologial piture
Applying formulae of Theorem 8 gives:
carea(C1) =
2π2
3VolQ1(3,−13)
There is only one onguration of type C1.
b. Conguration C2:
0
0
1
1 0
0
H(0)
Figure 4.25: Conguration C2 of Q(3,−1,−1,−1) ontaining ylinders, and its topologial piture
The ombinatorial data are:
• Mc = 42, Ms = 22 (hyperellipti involution), Mt = 1.
• q1 = 0, q2 = 1
• dimCH(0) = 2.
• VolH1/2(0) = 4pi
2
3
Applying formulae of Theorem 8 gives:
carea(C2) =
π2
9VolQ1(3,−13)
Due to the numbering of the poles there are 3 ongurations of type C2.
Substituting the omputed value of the volume and summing on all ongurations we nd
care(Q(3,−13)) = carea(C1) + 3carea(C2) = 6
5π2
+ 3 · 1
5π2
=
9
5π2
whih is oherent with the formula of Theorem 8.1. in [CM℄.
4.6 Summary
In the following tabular we gather the data about the strata studied in this paper. We denote L+
(resp. L−) the sum of the Lyapunov exponents λ+ (resp. λ−) of the invariant subbundle H1+ (resp.
H1−) of the Hodge bundle over the stratum Q(d1, . . . , dn) along the Teihmüller ow.
Denoting
K =
1
24
n∑
j1
dj(dj + 4)
dj + 2
and I =
1
4
∑
dj odd
1
dj + 2
,
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Theorem 2 of [EKZ2℄ gives
L+ = K +
π2
3
carea(Q(α))
L− − L+ = I.
So carea is given by the formula
carea(Q(d1, . . . , dn)) = 3
π2
(L+ −K) = 3
π2
(L− − I −K).
We denote also geff = gˆ − g where gˆ is the genus of the double over surfae Sˆ for S ∈ Q(α).
Reall that H1−(Sˆ) has dimension 2geff . In omparison to the Abelian ase we expet that the
values of the volumes of the strata of quadrati dierentials are given by rπ2geff with r ∈ Q. This
is true for the examples ited below.
strata g geff dimC K I L
+ L− carea boundary omp. hyp Vol
Q(2,−12) 1 1 3 −1
8
1
2
1
2
1
15
8π2
∅ Q(0,−14) 4
3
π2
Q(12,−12) 1 2 4 −1
9
2
3
2
3
4
3
7
3π2
H(0),Q(−14) Q(1,−15) 1
3
π4
Q(2, 2) 2 1 4 1
4
0 1 1
9
4π2
∅ Q(−14, 02) 4
3
π2
Q(2, 12) 2 2 5 19
72
1
6
7
6
4
3
65
24π2
Q(2,−12),H(0) Q(1,−15, 0) 2
15
π4
Q(14) 2 3 6 5
18
1
3
4
3
5
3
19
6π2
Q(12,−12),H(0) Q(12,−16) 1
15
π6
Q(5,−1) 2 2 4 1
7
2
7
6
7
9
7
15
7π2
H(0) no 28
135
π4
Q(3,−13) 1 2 4 −1
5
1
5
2
5
6
5
9
5π2
Q(−14),H(0) no 5
9
π4
4.7 Alternative omputations of volumes
Here we use the method of  4.3 and the lemmas of setion 4.8 to ompute some volumes of
hyperellipti strata already omputed in  4.1. This allows us to hek one more time that our
hoies of normalization for the volumes are onsistent.
4.7.1 Q(2,−12)
• Conguration 1:
0
w
l3
l1 l2
Figure 4.26: Conguration 1
All parameters are half-integers. We have w = 2l1 + l3 = 2l2 + l3, whih has ≃
2w
2
= w
solutions. The ontribution is therefore:∑
wh≤N/2
2w2 =
∑
WH≤2N
W 2
2
∼ 1
2
(2N)3
3
ζ(3) =
4N3
3
ζ(3)
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• Conguration 2:
0
2w
w
0
ll
l
Figure 4.27: Conguration 2
All parameters are half-integers. Equation w = l has 1 solution. We have an additional fator
1
ot
= 12 whih omes from the denition of the twist (f  3.3.3). By Lemma 11 we obtain the
following ontribution:
1
2
∑
w(2h1+h2)≤N/2
2w(4w) =
∑
W (2H1+H2)≤2N
W 2 ∼ N
3
6
(8ζ(2)− 9ζ(3))
• Conguration 3:
0
1
w
l1
l1 + l2
l2
Figure 4.28: Conguration 3
w = W is an integer and l1, l2, h, t are half-integers. Equation W = 2(l1 + l2) has approx-
imately W solutions. There is an additional fator 12 for the twist, and another fator
1
2
beause (l2, l1) and (l1, l2) give the same surfaes. The ontribution of this onguration is
then:
1
4
∑
Wh≤N/2
2W ·W = 1
2
∑
WH≤N
W 2 ∼ N
3
6
ζ(3)
Summing all the ontributions we get
4N3
3
ζ(2) so by (4.22), we obtain:
V olQ(2,−12) = 8ζ(2) = 4π
2
3
,
whih oinides with the value found in (4.6).
4.7.2 Q(12,−12)
• Conguration 1:
0
1
w
l3
l1
l2
l4
Figure 4.29: Conguration 1
w = W is an integer and all remaining parameters are half-integers. Equation W = 2(l1 +
l2 + l3) = 2l4 has approximatively
W 2
2
solutions. Here ot = 3 so we have an extra fator
1
3 .
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So the ontribution of this onguration is:
1
3
∑
Wh≤N/2
2W · W
2
2
=
1
3
∑
WH≤N
W 3 ∼ N
4
12
ζ(4)
• Conguration 2:
0
w
l3
l1
l2
l4
Figure 4.30: Conguration 2
All parameters are half-integers. Equation w = 2l1+ l2+ l3 = 2l4+ l2+ l3 has ∼
1
2
(2w)2
2
= w2
solutions. There are 2 ways to give name to the zeroes. Therefore the ontribution of this
onguration is:
2
∑
wh≤N/2
2w · w2 = 2
∑
WH≤2N
W
(
W
2
)2
∼ 1
2
(2N)4
4
ζ(4) = 2N4ζ(4)
• Conguration 3:
0
0
w2w1
l1
l1
l2
l2
Figure 4.31: Conguration 3
All parameters are half-integers. There are two ways to give name to the zeroes. There are
2 ways to numbered the faes of the ribbon graphs: the rst gives:{
w1 = l1
w2 = l1 + 2l2
so there is 1{w1<w2}1{w2−w1∈N} solution. The seond intertwines w1 and w2, but w1 and w2
play symmetri roles in the graph T . We get the following ontribution:
2
∑
w·h≤N/2
2w12w21{w1<w2}1{w2−w1∈N} =
1
2
∑
W ·H≤2N
W1W2 ∼
(2N)4
4!
(ζ(2))2 =
5N4
6
ζ(4)
• Conguration 4:
0
w1
w2
0
l3
l2
l4
l1
Figure 4.32: Conguration 4
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w1 = W1 is an integer and all remaining parameters are half-integers. There is 1 =
1
3
(
3
1
)
way
to give name to the faes, say {
W1 = 2l4 = l1 + l3
w2 = l1 + l2 = l2 + l3
.
So there is 1{2w2>W1} solution.
• Conguration 5:
0
w1
w2
0 l1l1
l4
l2
Figure 4.33: Conguration 5
w1 = W1 is an integer and all remaining parameters are half-integers. There is 1 =
1
3
(
3
1
)
way
to give name to the faes, say {
W1 = 2l4 = 2(l2 + l1)
w2 = l1
.
So there is 1{2w2<W1} solution.
Summing the ontributions of ongurations 4 and 5 we obtain:
∑
W1h1+w2h2≤N/2
2W12w2 =
∑
2W1H1+W2H2≤2N
2W1W2 ∼ 2
1
4
(2N)4
4!
(ζ(2))2 =
5N4
6
ζ(4)
(To understand the fator 1/4, take x1 =
2W1H1
2N in the proof of Lemma 3.7 of [AEZ2℄).
• Total Summing all the ontributions, we obtain 15N
4
4
ζ(4). So by (4.22):
VolQ(12,−12) = 30ζ(4) = π
4
3
,
whih oinides with the value found in (4.5).
4.8 Toolbox
Reall that
ζ(2) =
π2
6
, ζ(4) =
π4
90
so (ζ(2))2 =
5
2
ζ(4).
Lemma 9.
∀m ≥ 2,
∑
k≥0
1
(2k + 1)m
=
2m − 1
2m
ζ(m) (4.23)
∀m ≥ 1,
N∑
i=1
im ∼
N→∞
Nm+1
m+ 1
(4.24)
∀m ≥ 1, card{(l1, . . . , lm) ∈ Nm|N = 2l1 + · · ·+ 2lj + lj+1 + · · ·+ lm}
∼
N→∞
Nm−1
2j(m− 1)! (4.25)
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We reall the following standard fat (Lemma 3.7 of [AEZ2℄):
Lemma 10 (Athreya-Eskin-Zorih).
∑
H·W≤N
W∈Nk,W∈Nk
W a1+11 . . .W
ak+1
k ∼
Na+2k
(a+ 2k)!
·
k∏
i=1
(ai + 1)ζ(ai + 2)
We will need the following variation of the previous lemma:
Lemma 11. ∑
W (H1+2H2)≤2N
Wm ∼ N
m+1
2(m+ 1)
(
2m+1ζ(m)− (2m+1 + 1)ζ(m+ 1)) (4.26)
Proof.
A =
∑
W (H1+2H2)≤2N
Wm =
∑
WH≤2N
Wm card{(H1, H2) ∈ N2 s.t. H = H1 + 2H2}
Sine 2H2 is even and goes from 2 to H − 1 or H − 2 depending on the parity of H , we have :
card{(H1, H2) s.t. H = H1 + 2H2} = ⌊H − 1
2
⌋.
A ∼
∑
WH≤2N
Wm⌊H − 1
2
⌋ =
∑
W (2K+1)≤2N
WmK +
∑
W (2K+2)≤2N
WmK
∼
∑
K≥1
K
(
1
m+ 1
(
2N
2K + 1
)m+1
+
1
m+ 1
(
2N
2K + 2
)m+1)
using (4.24). So
A =
Nm+1
m+ 1

2
m+1
∑
K≥0
K
(2K + 1)m+1︸ ︷︷ ︸
S1(m)
+
∑
K≥0
K
(K + 1)m+1︸ ︷︷ ︸
S2(m)


2S1(m) +
∑
K≥0
1
(2K + 1)m+1
=
∑
K≥0
1
(2K + 1)m
So using (4.23) we obtain:
S1(m) =
1
2m+2
((2m+1 − 2)ζ(m) − (2m+1 − 1)ζ(m+ 1))
Similarly,
S2(m) = ζ(m) − ζ(m+ 1),
whih gives the result.
Appendix A
Report on experiments
We give here a small report on some of the experiments that we made to hek the formulas given
in the previous hapters.
In the following we use the relations of Theorem 8:
carea(C) =
1
dimCQ(α)− 1 ·
4q1 + q2
4
c(C)
where q1 is the number of thin homologous ylinders in the onguration C in the stratum Q(α),
and q2 the number of thik ylinders. We denote c˜∗ = ζ(2)c∗ the renormalized onstant.
We used Alex Eskin's program whih ounts ongurations in the Abelian ase in the following
way. Given a stratum Q(α), for eah onguration we ompute the orresponding onguration in
the double over. The symboli to enode ongurations used in the output of the program is the
saddle onnetions diagrams. We start to onstrut an expliit polygon representing a at surfae
in Q(α), that we hope to be generi, using mainly a perturbation of a one-ylinder surfae given
in [Zo5℄.
We expet a relation
c(C) = 1
2
·m(C) · n(C, V ) · cstartVprog (C),
between the onstant c(C) responsible for ounting onguration C downstairs, and the output
onstant cstartVprog (C) of the program of Alex Eskin (that ounts the orresponding onguration
upstairs starting from vertex V ), where
1
2
is the fator responsible for the onvention on the area:
the area downstairs is one half of the area upstairs. The fatorm(C) is responsible for the numbering
of the poles downstairs, and the optional fator n(C, V ) is responsible for the normalization of the
volume: if only short saddle onnetions (saddle onnetions of minimal length) emerge from vertex
V , then n(C, V ) = 1, if only long saddle onnetions (saddle onnetions twie longer) emerge from
vertex V , then n(C, V ) = 4, if there are p short saddle onnetions and q long saddle onnetions
emerging from vertex V then n(C, V ) = 4(p+ q)
4p+ q
.
When there are two experiments, the rst input is a perturbation of a one-ylinder representative
of the strata (given in [Zo5℄), and the seond is another polygon onstruted by hands.
1.1 Hyperellipti strata
For all these surfaes, we have the expeted relation c˜comp =
1
2
· c˜prog.
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Stratum Conguration. Lift of the onguration c˜comp c˜prog
Q(12,−12)
0
0
0
0
11
2
3
1.33435 / 1.33251
1
1
0
0
{−12}
1 1.99761 / 2.0024
Q(14)
1 1 0
0
0
01 1
5
9
1.11626
1
1
0
0
{12}
5
4
2.50411
Q(2,−12) 0
00
0
0
0
1
2
1.00018
Q(2, 12) 1
1
0
0
{2}
10
9
2.20671 / 2.22198
1 1 0
0
0
0
0
0
5
9
1.11087 / 1.11214
Q(2, 2) 0
0 0
0
0
0
0
0
×4 1
2
0.999642
Figure A.1: Experiments for the hyperellipti strata
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Stratum Conguration. Lift of the onguration c˜comp c˜prog
Q(5,−1)
0
0
00
1
1
15
14
1.82339 / 1.8212
Q(3,−13)
1
0
0
0{−13}
3
5
1.19857 / 1.18898
0
0
1
1 0
0
2
5
0.603081 / 0.603282
Figure A.2: Experiments for Q(5,−1) and Q(3,−13)
1.2 Strata for whih volumes are omputed: Q(5,−1) and
Q(3,−13)
For the stratum Q(5,−1), one of the ve emerging saddle onnetions is twie longer as the others,
so n(C, V ) = 20
17
and we have c˜comp =
1
2
· 20
17
· c˜prog ≃ 1.07 as expeted.
For the stratum Q(3,−13) we have c˜comp(C1) =
1
2
· c˜prog(C1) as expeted and c˜comp(C2) =
3 · 1
2
· c˜prog(C2) as expeted: the fator m(C) = 3 is responsible for the numbering of the poles.
1.3 Another example: Q(5, 1,−12)
For this stratum, we denote c′comp(C) = c(C) ·
Vol(Q1(5, 1,−12))
π4
sine we do not know the value
of the volume a priori.
All experiments start from the vertex of valeny 6, exept for the two rst ones. Sine all
saddle onnetions emerging to this vertex are minimal, there are no fators responsible for the
normalization. Also there is no multipliity for eah onguration, so we expet to nd c˜comp =
1
2
· c˜prog for eah onguration. The ratios of the onstants for the ongurations seem to be
orrespond with the experiments. Sine this stratum is non varying ([CM℄), we know its Siegel
Veeh onstant:
carea =
97
42π2
.
With this value, we obtain a volume equal to:
VolQ1(5, 1,−12) =
7
30
π6.
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Conguration Lift of the onguration c′comp c˜prog carea/c
3
0
0
0{1,−12}
1
2
0.677673
1
5
1
0
0
2{1,−12}
1
2
0.773203
1
5
1
5
0
0
{−12}
25
18
2.01102
1
5
1
1
1 1{−12}
1
9
0.174377
1
5
1 0{5}
0
0
14
135
0.1311
1
20
0
0
0
0
15
1
5
0.309696
1
20
1 0 0
0
3
2
2
5
0.281827+0.278267
1
20
1 0 0
0
1
011
2
27
1.0109628
1
20
Figure A.3: Experiments for Q(5, 1,−12)
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